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Content of the Lecture 4

¢ Lecture 4: Applications
o Adaptive mesh-refinement
— Adaptive algorithm;
— Examples.
e« A priori error identity on the basis of discrete convex duality;
— Discrete primal-dual gap identity;

— Examples.
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Adaptive algorithm

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 6 € (0, 1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute discrete primal solution and discrete dual solution
Ui € $5*'(T) 7 € RTu(T):
'ESTIMATE’) Post-process ug' € Sy (7x) and z{ € RT5(7x) to obtain
" e dom(/) Z € dom(—D) N WP (div; Q) ;
Compute (local) refinement indicators {nZ,p r(U%', Zk ) }re ., defined by
[ {20 -2 Ve + o, Va0 ox
2 —Cr zrt — T
ngap,T(Uk y k) =
/ {w*(-, divzy) — divZi o + w(~,ai’)} dx
.

St —cr St

forall T € Ti. If pica(TX', Zk) = map (UK, Zk ) < esT0P, then ;
'MARK’) Use marking strategy to find M, C Tx on which error is ‘concentrated’;
'REFINE’) Perform refinement’ of 7 to get 7x,1 S.t. each T € M is refined’in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



SOLVE

¢ Two Cases:

e Case I: Primal problem can be approximated cheaper:
— Compute uf € Sy (7x) using problem-dependent method;

— Compute Z € RTY(7x) via discrete reconstruction formula (for free!), e.g.,

Detpp, (-, M, UF")
d

— Examples: Poisson problem, p-Dirichlet problem, Obstacle problem, ...

Z;r: = Dt¢hk('7 thui’) + (id]Rd — nhkid]Rd) :

o Case lI: Dual problem can be approximated cheaper:
— Compute z € RTY(7x) using problem-dependent method;
— Compute uf € Sy (7x) via discrete reconstruction formula (for free!), e.g.,
Ui = Dep, (-, divZ) + Degsh, (-, My, ZK) - (idgy — Mhyidlga) ;

— Example: Elasto-plastic torsion problem, i.e., ¢ := 3| - |* + 1", -, ¢ C°(R?)
and ¥(x, ) == (t = —f(x)t) € C'(R) fora.e. x € Q.



Adaptive algorithm

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 6 € (0, 1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute discrete primal solution and discrete dual solution
uf € Sy (Th) Z € RTY(T) ;
'ESTIMATE’) Post-process ug' € Sy (7x) and z{ € RT5(7x) to obtain
" e dom(/) Z € dom(—D) N WP (div; Q) ;
Compute (local) refinement indicators {nZ,p r(U%', Zk ) }re ., defined by
[ {20 -2 Ve + o, Va0 ox
2 —Cr zrt — T
ngap,T(Uk y k) =
/ {w*(-, divzy) — divZi o + w(~,ai’)} dx
;
forall T € T. If ndap (U, Z¢) < estop, then ;

'MARK’) Use marking strategy to find M, CTx on which error is ‘concentrated’;

'REFINE’) Perform refinement’ of 7 to get 7x,1 S.t. each T € M is refined’in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



ESTIMATE

¢ Non-conformity:
e Since
uf € 8% (T) L WP (Q),
in general, we have that
uy ¢ dom(l).

e Evenif
Z¢ € RTH(TR) € WE (div; Q),
in general, we have that
z ¢ dom(-D).

¢ Post-processing: Obtaining
U edom(l) &  Z € dom(—D)n W (div;Q),
is problem-dependent and often involves:
« Quasi-interpolation operators (e.g., node-averaging operator);

e Truncation and scaling arguments that preserve regularity.



ESTIMATE

¢ Node-averaging operator: M:": P'(7,) — Sp(75), for every v, € P'(7,) defined by
MR Vi = Z (Vh)veow

vEN)
1 q
<Vh>V — W ZTE’Th(V) (Vh|T)(V) |f v e Q @] rN7
0 ifve Ip,

where 75(v) = {T € Tp | v € T} and (¢ )ven;, Nodal basis of S'(75).

Figure: v, € lPU(Th).




ESTIMATE

¢ Node-averaging operator: M:": P'(7,) — Sp(75), for every v, € P'(7,) defined by
MR Vi = Z (Vh)veow

vEN)
1 q
<Vh>V — W ZTE’Th(V) (Vh|T)(V) |f v e Q @] rN7
0 ifve Ip,

where 75(v) = {T € Tp | v € T} and (¢ )ven;, Nodal basis of S'(75).

Figure: N2'v,, € S}(7)if Mp = 0%




ESTIMATE

¢ Node-averaging operator: M:": P'(7,) — Sp(75), for every v, € P'(7,) defined by
MR Vi = Z (Vh)veow

vEN)
1 q
<Vh>V — W ZTE'T;,(V) (Vh|T)(V) |f v e Q @] rN7
0 ifve Ip,

where 75(v) = {T € Tp | v € T} and (¢ )ven;, Nodal basis of S'(75).

Figure: 7", € SE)(T,,) iffp = 0.




ESTIMATE

¢ Node-averaging operator: M:": P'(7,) — Sp(75), for every v, € P'(7,) defined by
MR Vi = Z (Vh)veow

vEN)
1 q
<Vh>V — W ZTE'T;,(V) (Vh|T)(V) |f v e Q @] rN7
0 ifve Ip,

where 75(v) = {T € Tp | v € T} and (¢ )ven;, Nodal basis of S'(75).

Figure: N2'v,, € SH(75) ifTp = {1} x [=1,1].




ESTIMATE

Lemma: ((local) best-approximation property)
For every v, € Sy (75), it holds that

/|th,, —VM'vpPdx < inf / |Vavh — Vv|? dx.
T vew) (@) Jwr

In particular, for every v, € Sy (75) and v € Wy*(Q),
it holds that

/ |VM2'vy — Vv)? dx S / |Vavh — Vv[*dx.
T wT

Proof. (cf. 1, Bartels, K]) For every v, € Sy (75) and v € W}?(Q), it holds that

[owm—vitwPacs S [ Al as

2
ds

[vh — V]s — /S [vh — v]sds

> [
S
,S/ |Vth7VV|2dX.
Cp



Adaptive algorithm

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 6 € (0, 1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute discrete primal solution and discrete dual solution
uf € Sy (Th) Z € RTY(T) ;
'ESTIMATE’) Post-process ug' € Sy (7x) and z{ € RT5(7x) to obtain
" e dom(/) Z € dom(—D) N WP (div; Q) ;
Compute (local) refinement indicators {nZ,p r(U%', Zk ) }re ., defined by
[ {20 -2 Ve + o, Va0 ox
2 —Cr zrt — T
ngap,T(Uk y k) =
/ {w*(-, divzy) — divZi o + w(~,ai’)} dx
;
forall T € T. If ndap (U, Z¢) < estop, then ;

'MARK’) Use marking strategy to find M, CTx on which error is ‘concentrated’;

'REFINE’) Perform refinement’ of 7 to get 7x,1 S.t. each T € M is refined’in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



¢ Marking strategies: For bulk parameter 6 € (0, 1], find (minimal wrt. cardinality)

ngﬁ7

s.t. bulk criterion is satisfied.
o Max marking: Choose M, C 7 s.t.

Trgm Tigap T(uk »Zk) > 9 max 779ap T(ul‘ir:zkt)

o Dorfler marking: (cf. [3, Dérfler, '96]) Choose My C T s.t.

Z 77§ap,7'(ackr72k > 0 Z ngap T(uk 72?)

Te My TeTk
Construction: For sorted set of triangles 7,5 .= {T;, ..., Teard(7) }» Where
: : . 2 =t 2 t
i<j B4 ngapA,T,v(U%kr»ZIr() 2> ngap,ﬁ(ﬁkrvz() )

we define My = {T; € 72" | i =1,...,N;}, where

Ny
NZ = mln{l 1 Cardﬁ anapr uk,zk)>92ngapr Uk,Zk)}

TeTk




Adaptive algorithm

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 6 € (0, 1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute discrete primal solution and discrete dual solution
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'REFINE’) Perform refinement’ of 7 to get 7x,1 S.t. each T € M is refined’in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



¢ Regular/irregular refinement:
o Regular refinement: Refine all marked elements (i.e., all T € My);

« Irregular refinement: Refine further unmarked elements to avoid hanging nodes,

ie., |
' "“hanging node

o Red-Green-Blue refinement: (cf. [2, Carstensen, '04])

VA Vo NAVAVAY.S

o Newest-Vertex-Bisection: (cf. [4, Mitchell, '88])

LA /N LAN

¢ Refinement routines:




Examples



Examples: Poisson problem

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 6 € (0,1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute uf" € Sy (7x) using linear solver and z{ € RT{(7x) using
discrete reconstruction formula.

'ESTIMATE’) Post-process uf' € Sy (7x) via node-averaging to obtain

—cr av, cr

Uy = I'Ihkuk (= dom(l),

Compute (local) refinement indicators {ngap’T(Uck’, Z{)}reT,, defined by
77gap 7( Ulirazk 2 / |Z V‘Tkr|2dx

forall T 77( If néap(ﬁk’, Zf) < esToP, then B
'MARK’) Use Dérfler marking to find My C T on which error is ‘concentrated’,

'REFINE’) Perform red-green-blue-refinement of 7x to get 7x,; s.t. each T € My
is red-refined in g 1.

Increase k — k + 1 and continue with ('SOLVE).



Examples: Poisson problem

¢ Implementation details wrt. step ('SOLVE’):
» Computation of discrete primal solution: Compute

uir € S:),cr(,ﬁ()7

s.t. for every vy € S)°(7x), it holds that
/ thuﬁr o thdeX = / fhk I'I,,kvkdx,
Q Q

using, e.g., CG method preconditioned with incomplete LU factorization.

Computational costs:
Nk = ndof (S} (7)) = card(Sh \ S£P°) .
o Computation of discrete dual solution: Compute
fp, . .
il = V,,kuﬁr — %('dkd — Mp,idga) € RTI(\JI(77<) )

i.e., z{ € dom(—D) N Wi(div; Q) if f = f, € P(Tx).

Computational costs: for free!




Examples: Poisson problem

¢ Example with corner singularity:
Let Q := (—1,1)%\ ([0,1] x [-1,0]), [p = 0Q, and f =1 € L*(Q). Then, u € W;*(Q)

with
z=Vue W3?(Q).

4 _2
= Expected for uniform mesh-refinement (i.e., 6 = 1): Noap(Ue s 2) ~hE ~ N, 3.

0.14 20
=
hl 125

08 T
0.06 g
0.04 0.50

02 0.25
0.00 .00

0.5

-10

1.0
Figure: | Vu| € L%(Q).

Figure: u € W;‘Z(Q).

0.5

-1.0

1.0



Examples: Poisson problem

T
o] i -
Yo, (uniform, § = 1)
, & TRap T 24)
10774 >
[OF
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o
Q
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10734 \9\ va%4 %%
) {218 D “ad Nzl
g ® = = o
fi] o 3 7\ N
74y v
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a_ K]
A XU1]
1044 &‘a <
.
B
1 o
(adaptive, 0 = 1) ®
- ngap(. 2f)
1075 . T

102 10° 10° 10°
Number of degrees of freedom — Ny = ndof (S5 (7))

¢ Observations:

—» Adaptive mesh refinement yields optimal convergence rate h? ~ N;1.

4 _2
— Uniform mesh refinement yields reduced convergence rate h} ~ N, °.




Examples: p-Dirichlet problem

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estop > 0, 8 € (0,1], and 7o an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute uf' € Sy (7x) using non-linear solver and zf € RTy(7k)
using discrete reconstruction formula.

'ESTIMATE’) Post-process ug’ € Sy (7k) via node-averaging to obtain

av .cr

Uy = Np/u” € dom(l);

Compute (local) refinement indicators {n3., r(Ug , )} re . defined by
1 / . 1,
nr (@7 = [ S 1AF — 2 vag + v ax
T

forall T € Tk. If n3ap (TR, 21') < estop, then ;
'MARK’) Use Dérfler marking to find M, C T on which error is ‘concentrated’,

'REFINE’) Perform red-green-blue-refinement of 7y to get 7, s.t. each T € My
is red-refined in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



Examples: p-Dirichlet problem

¢ Implementation details wrt. step ('SOLVE’):
» Computation of discrete primal solution: Compute
U € S°(Th),
s.t. for every v, € Sy (%), it holds that

/Dﬁf’k(vhkuir) - Vi ikdx = /fhk Mp, Viedx
Q Q
where ¢ € C'(RY) is defined by
&(0)=0  and  Dg(t)= (hZ +|t|)’"%t foralltc R,
using, e.g., Newton scheme with line search.
Computational costs: (in each Newton step)
N = ndof (S} (7Tx)) = card(Sh \ S5P) .
o Computation of discrete dual solution: Compute
f
Z{ = Dou(Vn Uf) — %(idkd — M, idge) € RTR(T)
e,z € dom(—D) N W% (div; Q) if f = fo, € PO(Tx).
Computational costs: for free!




Examples: p-Dirichlet problem

¢ Example with corner singularity:
Let Q = (=1,1)%\ ([0,1] x [-1,0]), Tp = 9Q, and f = 1 € L? (Q), p € (1, 00). Then,
u € W3P(Q) with
V(Vu) = V*(z) € (W5 2(Q))?.

4 _2
= Expected for uniform mesh-refinement (i.e., 6 = 1): Noap (U, Zg) ~hE ~ N, 3.

0.0
0.5
Figure: u € WP (Q). 10 —L0

0.0
05
Figure: | Vu| € LP(Q). 10 —10



Examples: p-Dirichlet problem

(uniform, § = 1)

W ( 15
1072 el S5 B ap(a. ) (p=25)
£ON 2 cr rt
B 7Ygap(”k .zff) (p=3.0)
85 B
..
10—3 4
s
@94/
-5 oW 1
10 (adaptive, 6 = 3) ‘S\&
-0 ap(@f . 2f) (p=15) 1 B
. Tap(3f 2 (p=25) e
1074 Bap(T 2f) (p=3.0) :
10 10% 10 10° 106

Number of degrees of freedom — Ny = ndof (S5 (7))

¢ Observations:

To (p=2.5

N

NN

SO0

7]
7]
7]
]
AN
%

—» Adaptive mesh refinement yields optimal convergence rate h? ~ N;1.

_2
— Uniform mesh refinement yields reduced convergence rate h, ~ N, °.




Examples: Obstacle problem

Algorithm: (SOLVE-ESTIMATE-MARK-REFINE)

Let estor > 0, 8 € (0,1], and 7Tq an initial triangulation. Then, for every k > 0:

'SOLVE’) Compute uf” € S)°(Tx) using non-linear solver and zy € RTy(7k)
using discrete reconstruction formula.

'ESTIMATE’) Post-process uf’ € Sy”(7k) via node-averaging and cut-off to obtain
Uy == max{0, My u'} € dom(l);

Compute (local) refinement indicators {nZ., r(U§', Z¢) }re . defined by
—cr|2
2 / |Z¢ — Vug |* dx

77gap,T(uk 7Zk
/(fnk +divZ{) ug dx
JT

forall T € T. If nZap(UF, 2¢) < estop, then ;
'MARK’) Use Dérfler marking to find M, C T on which error is ‘concentrated’,

'REFINE’) Perform red-green-blue-refinement of 7x to get 7, s.t. each T € My
is red-refined in Tx1.

Increase k — k + 1 and continue with ('SOLVE’).



Examples: Obstacle problem

¢ Implementation details wrt. ('SOLVE’):
o Computation of discrete primal solution: Compute
W eSyT(T) & N €My (S (T)

st. \{ < O a.e.in Q and for every vy € Sy (7k), it holds that

/ thUEr o thVk dx = / (fhk = )\ﬁr) I'I,,kvk dX,
Q Q

using, e.g., primal-dual active set strategy, i.e., semi-smooth Newton method.
Computational costs: (in each semi-smooth Newton step)

Nk = ndo£(Sy® (7)) + ndof (Ms, (Sy* (7k))) -

o Computation of discrete dual solution: Compute

fhk - Air . f 0
g (idgg — Mp,idga) € RTN(Tk) -

i.e., z{ € dom(—D) N Wi(div; Q) if f = f, € P(Tx).

Computational costs: for free!

rt.__ cr
Zy = thuk —




Examples: Obstacle problem

¢ Example with corner singularity:
LetQ = (-1,1)4Tp =09 f=1€L*(Q),and x =1—| - | € S'(To). Then,
u € W3*(Q) with
z=Vue W?(Q)>.

_1
=> Expected for uniform mesh-refinement (i.e., 0 = 1): Naap (TR, Zk) ~ hic ~ N, 2.

-1.0

0.0 0.0
0.5 0.5
Figure: x € 51(7'0).

Figure: u € W;'Q(Q) 10 10

19 —LO



Examples: Obstacle problem

Error

1071 4

10724

(uniform, § = 1)

’Iéap(ﬁﬁrv zf)

To

ol
(adaptive, 6 = 1)
-©- ’/éap(ﬁi'vzﬁt)
102 10°

Number of degrees of freedom — Ny = ndof (S5 (7x)) + ndof (M4, (S5 (7))

¢ Observations:
— Adaptive mesh refinement yields optimal convergence rate h? ~ N;:1-

1
— Uniform mesh refinement yields reduced convergence rate h, ~ N/.




Conclusions

¢ A posteriori error analysis: (on the basis of convex duality)
e Primal-dual gap identity: for every v € dom(/) and y € dom(—D), it holds that

ptzot(vy.y) = n;ap(vay) .
e Advantages/Challenges:

v systematic; v widely applicable;

vs. 2 numerically practicable.
v simple; v identical;

¢ A posteriori error analysis: (on the basis of discrete convex duality)
e Discrete reconstruction formulas: imply numerical practicability.

. iy, Degn(, MU . :
th = Dt(ﬁh('7 thﬁ ) + M(ldﬂ@d - I_Ih|d]Rd) 3

Uﬁr = Dﬂ/};(, diVZg) + Dt(b;;(, I'Ihsz) . (ide = I'Ihide) .



A priori error identity
on the basis of discrete convex duality



Discrete primal-dual gap identity

Definition: (discrete primal-dual total error & discrete primal-dual gap estimator)

The discrete primal-dual total error
Pron: dom(If") x dom(—Df) — [0, +-00)
is defined by

2 2 2
Proth (Vs Yn) = pier opt(Vhr, up) + P~ it optVh» z)

for all (vy,yn) " € dom(lf") x dom(—Dj).

The discrete primal-dual gap estimator
Noapn: dom(IF") x dom(—Djf) — [0, +00)
is defined by

Ngap.n(Vhs Yn) = 1§ (Vn) — Df (¥h)

for all (vy,yn) " € dom(lf") x dom(—Dj).




Discrete primal-dual gap identity

Theorem: (discrete primal-dual gap identity)
If a discrete strong duality relation applies, i.e.,

I (uR") = D (zh) ,
then for every (v4,yn) " € dom(l5") x dom(—DyY), it holds that
Piot.r (Vh Y) = Tigap.n (Vs Vi) -

Proof. Forevery (v4, y») €dom(If")xdom(-D),
we have that

2 2 2
Piotn(Vh, Yn) = plﬁ’,opt(vm uﬁr) + prg,Opt(yfhz;:)

2 cr
= (1§ (vi) — 15 (UF) i ok agitn i)
|
+ [DR(zh) — DR (vn) : A
1 2 rt
=I5 (vh) — D} (¥n) 5 P bt o {177

— DR - B
—_——
=0
2
= ngap,h(vhuyh)-

Figure: Discrete primal-dual gap identity in 1D.




Examples: Poisson problem

Theorem: (a priori error identity)

Ifue W) %(Q),s €[0,1],ie,z e (W2(Q)) and f, = Myf € P°(75), then

! /|Vhl'lhu—th,,\ x4+ /|I‘Ihl'lhz— Mn2Zf[2 dx
-7 /Q Mz — MMz dx < A% 212,
Proof
For every v, € dom(I") and y, € dom(—D}), we have that
P/Cf opt(Vh, Up') = / |ViVvh — Vaul'|? dx,
PED;‘,opt(Yhyz;) =35 /Q [Mhyh — ﬂhzmz dx.
For every v, € dom(I") and y, € dom(—D}), we have that

;
Naap.n (Vi Yn) = i/ |VaVh — Mays|* dx .
Q



Examples: Poisson problem

e It holds that M}z € dom(—D{!), since

diviz = Mpdivz = Mp[—f] = — f, a.e.inQ,

Miz-n=mlz-n]=0 ae. inly.
e It holds that M;'u € dom(/}), since

Viliu=MNyVu ="z a.e.inQ,

mfu=mu=0 ae.inlp.

— Forevery v, = N{u € dom(l{") and y, = Mifz € dom(—D}'), we conclude that
%/ VAN u — Vaul |* dx + %/ NNz — Mpzi|* dx = %/ |VaM§u — NyMpz|? dx
Q Q Q
= %/ IMhz — MyN5z|* dx
Q
]
< E/ |z — Mjz|* dx
Q
Sh”[z)2,. u



Examples: Poisson problem

¢ Example with central singularity:
LetQ = (=1,1)% Tp = 8Q,and f € L2(Q) s.t. u € W)?(Q) is given via
u(xr, x2) = (1=33)(1 = %3)|(a, x2) T °*°

where s € (0,1]and § = 1.0 x 1075, so that z = Vu € (W?(Q))>.

)

= Expected for uniform mesh-refinement (i.e., 6 = 1): ngapyhk(ﬂﬁiu, I‘Ifsz)~h§s~Nk’s.

0.0 ! " 00

- 0.5
- 2 —-1.0 _
Figure: u € W% (). Y Figure: | Vu| € L2(Q). 10 ~10



Examples: Poisson problem

t:

/’%ot,hk(nﬁu' Niz) (s=0.25)
WBap (M50, T 2) (s = 0.25)
Prot.p (Mizu, N7 2) (s = 0.50)
71éap,hk(|-|ﬁ;“r My z) (s = 0.50)
p%ot,hk(nlcvi u, N z) (s =1.00)
Véap,hk(nﬁ;”’ My z) (s = 1.00)

¢ Experimen
o Results:
100<
10—1 dl
10—2<
s
i
10—3<
_.e..
1074 1 -3¢-
_.0._
—se-
10754 :
10t

10°

Number of degrees of freedom — Ny = dim(S5“ (7))

10°

10

10°




Examples: p-Dirichlet problem

Theorem: (a priori error equivalence)

If V(Vu) € (WS%(Q))%, s € (0,1],i.e., V*(2) € (W*?(Q))?, and f, = MN,f € P°(Ty), then

/|V(V,,nz’u)—V(vhuﬁ’)\2dx+/ |V*(MpNHz) — V*(Mhz?) [ dx
Q Q

~ / {%mhwv’ VU Mz 4 ,%|I'Ihﬂffz|"/} X ShE [V @) -
Q

Proof
For every v, € dom(/§") and y, € dom(—D), we have that

e ) [ IVT0) ~ VT .
P o Z) ~ [ 1V (Thyn) = V" (Mezf) P x.
Q
For every v, € dom(I") and y, € dom(—D}), we have that

1 1 :
Neap.h (Vhs Yn) = / {5|thh\p — VpVh - Npyn + Emh}’h‘p } dx
Q



Examples: p-Dirichlet problem

— For every v, = M{u € dom(l{") and y, = Mifz € dom(—D}'), we conclude that
[ Vv = VTP ax+ [V (az) - v () ax
Q Q
~ [ S - gy mngz 4 nmie | dx

< /{%WUV’ —Vu~|‘|hﬂﬁz+ﬁ%\l‘lhl‘lﬁz|"/}dx
JQ

=Vu-z— |z
= 2P~z
o 2 » o
= \z\ + Vu - (z—-NpMyz) + —|I‘Ihl‘l 'z|

—\I‘Ihl'l’tz|" — |MaMzP 2N, N7z - (z - MyN7z)
= / (222~ Mz 1) (2 - M) ax
~ [ V'@ - v iz ax
Sh* V(2. =



Examples: p-Dirichlet problem

¢ Example with central singularity:
LetQ:=(—1,1)%Tp=0Q,and fe [P (Q),p € (1, +o0), st ue W} (Q) is given via
UG, x2) = (1= B)(1 — )|k, 2) 2572
where s € (0,1]and § = 1.0 x 1075, so that V*(z) = V(Vu) € (W*?(Q))%.

= Expected for uniform mesh-refinement (i.e., 6 = 1): ngapyhk(ﬂﬁiu, I‘Ifsz)~h§s~Nk’s.

-1.0

0.0

0.0

- 0.5
" s —-1.0 _
Figure: u € WP (Q). Y Figure: |Vu| € LP(Q). 10 ~10



Examples: p-Dirichlet problem

¢ Experiment:
o Results:
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ko ’Iéap,hk(nﬁ;”’ Ny z)(p=3.0) X
10* 102 10 10* 10° 10°

Number of degrees of freedom — Ny = dim(SB”(?}))



Examples: Obstacle problem

Theorem: (a priori error identity)

If z e (W*2(Q))? N W2(div; Q) and f, = M,f € P°(75), then

/\Vhl'l,,u—v ur? dx—/(f;,—i—divzf,')ﬂhl'lﬁ’udx
Q
+§/ |I'Ihl'lffz—l‘lhsz|2dx—/(f+divz) Mpup dx
Q Q

= %/ IMhz — MpNfz|? dx +/ (f + divz) (u— NyNu) dx S h* [2]5,
Q Q

Proof
For every v, € dom(I") and y, € dom(—D}'), we have that
p,cr opt(Vh, UR') / |ViVh — VUl |* dx — / (fy + div ) Myvy dx,
JQ
P> ot opt (Vh» Zh ) / IMhyn — MaZi|* dx —/ (fn + divys) Maup dx.
Q

For every v, € dom(/") and y, € dom(—D}'), we have that
Noaph (Vhs Y) = / |Vavh — Mays|? dX—/ (fo + divys) Mpvy dx .



Examples: Obstacle problem

e It holds that Mifz € dom(—D}!), since
fo +divIiz = N,(f + divz) < 0 a.e.inQ,
Niz-n=myfz-n]=0 ae inly.
e It holds that M;'u € dom(/f’), since
Viliu=NyVu="z a.e. inQ,
mNfu=mu=0 a.e.inlp,
n,Ny'u>0 a.e. inQ.
= Forv, = N{'u € dom(/f") and y, = Nj'z € dom(—D}), we conclude that
% / |VhNTu — Vauf' |2 dx — / (fy + divzy) N,N5udx
Q JQ
+ %/ MMz — Npzi|? dx — / (f + divz) Myuf dx
Q Q
= %/ |VhNE 'y — MLMiz|* dx — / (f, + div [Ti{z) M, N5 u dx
Q Q
= %/ Nyz — I'Ihl'lf,’z|2dx+/ (f +divz) (u— MpME'u) dx.
Q Q



Examples: Obstacle problem

o On the one hand, it holds that
% / Mz — NMpNRz|* dx S h* 2],
Q
o On the other hand, it holds that

/(f+divz) (u—NpMFu)dx = /(f+divz)(ufl"lﬁru)dx
Q

Q
+/ (f + divz) (MS'u — NpNSw) dx
Q

where
— It holds that

1
/ (f 4+ divz) (u—Nfu)dx < </ lu— I'Iﬁru\zdx> ’ Sh* [z
Q Q

— Dueto MNfu— NpNu= VMg u- (idgs — Mpidgs) and u = 0 on {divz < —f},
it holds that
- / (f +divz) (Mfu — NyNE'u) dx = / (f +divz) (VM 'u — Vu) - (idgg — Mpidge) dx
Q Q

1
2

<h ( / |VhNEu — Vul? dx) <h T Z)ss. u
Q



Examples: Obstacle problem

¢ Example with central singularity:
Let Q= (—1,1)% Tp = 9Q,and f € L*(Q) s.t. u € W"?(Q) is given via

2_4 .
u(x) = ‘Xlz — log[x| — 3 !f x| >1,
0 if x| <1,

so thatz = Vu € (W"3(Q))*.

= Expected for uniform mesh-refinement (i.e., 0 = 1): 15, (M u, M} Z)~hg N




Examples: Obstacle problem

¢ Experiment:

o Results:
100 3 Qs~
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Conclusions

¢ A posteriori error analysis: (on the basis of convex duality)
e Primal-dual gap identity: for every v € dom(/) and y € dom(—D), it holds that

ptzot(vy.y) = n;ap(vay) .
e Advantages/Challenges:

v systematic; v widely applicable;

vs. 2 numerically practicable.
v simple; v identical;

¢ A posteriori error analysis: (on the basis of discrete convex duality)
e Discrete reconstruction formulas: imply numerical practicability.

w(idw — Mhidga),

Uﬁr = Dﬂ/};(, diVZg) + Dt(j);;(, I'Ihsz) . (ide = I'Ihide) .

zy = Dign(-, Vaup) +

e Discrete primal-dual gap identity: leads to a priori error identity, i.e.,

ptzot,h(rlfiruv I‘Iﬁz) = Ugap,h(ﬂﬁrU, rng) .



Thank You for today!
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