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Content of the Lecture 3

¢ Lecture 3: Convex duality theory for discrete integral functionals

e Crouzeix—Raviart element and Raviart—-Thomas element;
— Triangulations and discrete spaces;
— Crouzeix—Raviart element and special features;
— Raviart—-Thomas element and special features;

— Relations.

e Fenchel duality theory for discrete integral functionals;
— Integral representation of discrete dual energy functional;
— Discrete Fenchel duality relations;
— Discrete reconstruction formulas;

— Examples.



Crouzeix—Raviart element
and
Raviart-Thomas element



Triangulation

¢ Triangulation: Let {7, },-0 be shape-regular triangulations of the simplicial

Lipschitz domain €, i.e., there exists a constant wy > 0 s.t.
" hl o m
TeT, PT hr
where, for every T € 7,, we denote by
o pre=sup{r>0|3xeT: B(x)C T} %
e hr :=diam(T).

Figure: Triangulation of pentagon Q C RZ.



¢ Sets of sides:
Sh={TnT |T,T €T :dimyp(TNT)=d -1},




Sets of sides

d—1},
d—1},

{TAT | T, T €Ty : dimuye(TNT) =

S,i, =

SPT={TNOQ| T e Ty : dimy(TNoN)

of pentagon Q C RZ.

Figure: Triangulation



Sets of sides:
Sh={TNT |T, T €T : dimy(TNT)=d -1},

S ={TNOQ| T eT:dimuy(TNoQ) =d—1},
SiP = {S e &7 |int(S) C v},
SV = {S e &7 |int(S) C I'w},

b

Figure: Triangulation of pentagon @ C RZ.



¢ Sets of sides:
Sh={TnT |T,T €T :dimyp(TNT)=d -1},

S ={TNOQ| T eT:dimuy(TNoQ) =d—1},
SiP = {S e 8 |int(S) C o},
SV = {S e &7 |int(S) C I'w},

Spi=8,USH.

Figure: Triangulation of pentagon Q C RZ.



Discrete spaces

¢ Discrete spaces: For polynomial degree k € NU {0}, we define

PX(Th) := {vh € L(Q) | va|r € P(T) forall T € 75},

0.5

L0 19

Figure: (local) L2-projection onto P¥(Tp,) of u(xq, x2) = (1 — x2)(1 — x3).



Discrete spaces

¢ Discrete spaces: For polynomial degree k < N'U {0}, we define
PX(Th) := {vh € L(Q) | va|r € P(T) forall T € 75},
S*(Th) = W(Q) NPX(Th),

0.5

1.0 1.0
Figure: (local) L2-projection onto S¥(7},) of u(xy, X2) = (1 — x3)(1 — x3).



Discrete spaces

¢ Discrete spaces: For polynomial degree k € NU {0}, we define
PX(Th) := {vh € L(Q) | va|r € P(T) forall T € 75},
SK(Th) = WM(Q) N P*(T),
SE(Th) = W5 (Q) N P*(T) .

0.5

L0 g0

Figure: nodal interpolation into SK(75) of u(x1, Xp) = (1 — x2)(1 — x2).



Jumps and averages




Jumps and averages

¢ Jumps: For every v, € ]P’k(77,) and S € S, we define

[ls Vhlr, —valr_ IfSeS, T, T- € T,81.9T. NAT_ =8,
hl|S ~—
Valr ifSeS??, TeThst.SCAT.

¢ Averages: For every v, € IP"‘(?I,) and S € S;, we define

n)s = sl +wlr.) ifSeS;,, T4, T- € Thst. 0T, NOT_ =S,
T vl ifSes?®, TeTstSCar.

] Dvels {vh)s
1. Aug. 2024 Apro and a posteior etodenitles o convex minniztion problema bsed on convex ualtyrlaons — AlecKalenbach 4]



Normal jumps and normal averages

¢ Normal jumps: For every y, € (P¥(75))? and S € Sy, we define

D - nls Yol -nr, +yulr_-nr_ ifSES),, T4, T € Thst. 9T NIT_ =S,
h-Njs =
Yalr-n ifSeS™, TeT,st.SCAT,

¢ Normal averages: For every y, € (PX(7;))? and S € Sp, we define

O n)s = sWhlre-nr. —yulr_-nr.) fSES,, T+, T- € Thst. 0T NIT_ =S,
h " S =
Yolr-n ifSesS™, TeT,st.SCAT,

T+>nT\T_
S

1] Dvels {vh)s
1. Aug. 2024 Apro s a posteior etodenitles o convex miniztion problma bsed on convex ualtyrlons — AlecKafenbach 5]




Crouzeix—Raviart element

¢ Crouzeix—Raviart element: (cf. [2, Crouzeix & Raviart, '73])

S"(Tr) = {vh e P'(T) ‘ ]i[[vh}]s ds = [[va]s(xs) = 0 forall S € S,’,} ,

Sy (Th) = {Vh € 8"(Th) ‘ ][Vh ds = vi(xs) = O forall S € S,f”} :
S

Figure: Crouzeix—Raviart minimizer of Dirichlet energy with Figure: Crouzeix-Raviart basis function.
Q= (1,12 Tp = 0Qandf = 1.

¢ (Non-)Conformity: S™'(7,) € W'P(Q).

o
Xs =g ZVE/\"h veT? forall S € Sh.




Crouzeix—Raviart element

¢ Crouzeix—Raviart element: (cf. [2, Crouzeix & Raviart, '73])

S"(Th) = {vh € P'(Th) ‘ ]L [v]sds = [vn]s(xs) = O forall S € Sflv} ;
5]

Sy (Th) = {Vh € 8"(Th) ‘ ][Vh ds = vi(xs) = O forall S € S,f”} :
S

¢ Basis functions: (ps)ses, € S"(7Tn)
s.t.

(ps(Xs/) = dgg/ for all S7 S e Sh,

e.g., forT € T, st. S CaT,

©s =1 —deUs in T,

where Vs € Nh with vs€T and Vs ¢ S. Figure: Crouzeix—Raviart basis function.

¢ (Non-)Conformity: S™*(7;) € W'P(Q).

e 1
Xs == g ZVEN,, ervioralS e S,



Crouzeix—Raviart element

¢ Crouzeix—Raviart element: (cf. [2, Crouzeix & Raviart, '73])

S"(Th) = {vh € P'(Th) ‘ ]L [v]sds = [vn]s(xs) = O forall S € Sflv} ;
5]

Sy (Th) = {Vh € 8"(Th) ‘ ][Vh ds = vi(xs) = O forall S € S,f”} :
S

¢ Basis functions: (ps)ses, € S"(7Tn)
s.t.
(ps(Xs/) = dgg/ for all S7 S e Sh,
e.g., forT € T, st. S CaT,

ps=1—dp,, InT,

where vs € N with vs € Tand vs ¢ S.

Figure: Crouzeix—Raviart basis function.

¢ (Non-)Conformity: S™*(7;) € W'P(Q).

e 1
Xs == g ZVEN,, ervioralS e S,




Edges/Facets, i.e., Vertices, i.e.,

o 3 per element in 2D; o 3 per element in 2D;

o 4 per element in 3D. o 4 per element in 3D.

card(S;
(=3 x card((/\,},?) in 2D) CRIEER)
supp(¢s) C ws, supp(epv) C wy,
i.e.,on 2 elements i.e., on vertex patch
conforming dual problem non-conforming dual problem

Figure: Comparison of Crouzeix—Raviart and Courant element in 2D and 3D.

A s

Figure: Crouzeix—Raviart basis function. Figure: Courant basis function.




Special features of the Crouzeix—Raviart element

¢ Fortin interpolation operator: [M{": WP (Q) — Sy (T5), for every v e WP(Q),
defined by

Mivi= > ()ses, where (V)g = ][vds forallS € Sy,
Ses, 8

preserves averages of gradients and moments (on sides), i.e., for every ve WZ)"’(Q),
it holds that

Valiv=",Vv in (P°(75))°,
whﬂﬁ'v=7rhv in ]P)O(Sh),
where
¢ My L'(Q) — PO(T,), for every v € L'(Q), is defined by
My = Z (V)rx7, Where (V)7 = ][vds forall T € 7y ;
TET, T
¢ 7 LY(US,) — PO(Sy), for every v € L'(USy), is defined by
mvi= Y (V)sxs, Wwhere  (v)s:= ][Vds forallSe S,.
S

ses,



Stability with constant 1

Theorem: (stability with constant 1)

If ¢: R — R is convex, then for every v € W)P(£), it holds that
D

/ S(VANEV) dx < / (V) dx,
Q Q

i.e., with constant 1.

Proof
By Jensen'’s inequality, for every T € 7Ty, it holds that

as(fTVvdy) < fownay.

Due to V4M{'v = M, Vv, we conclude that

(VaNiv)dx= > [ ¢( 4 Vvdy ) dx
Q T T

TETh

> (/T‘mx) fT (Vv)dy

TeT,
= /¢(Vv)dx.
Q
16. Aug. 2024 A priori and a posteriori error identities for convex minimization problems based on convex duality relations ~ Alex Kaltenbach 9 |
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Discrete Poincaré inequality

Theorem: (discrete Poincaré inequality)

If |Tp| > 0, then for every v, € Sy (75), it holds that

/|vh|pdxsh /|Vth|de.
Q Q

¢ Proof (by sketch). Show that ker(V|slo(7;)) = {0}.

o Letv, € ker(Va|slo (7)), i.e., forevery T € T,
it holds that

V(Vh‘-r)=0 inT.

S\

— Forevery T € T, there exists cr € R s.t.
Vh|T =Cr inT.

— Dueto vy(xs) = 0 forevery S € S,SD £,
it follows that

vp=0 ae.inQ. [ |

L
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Raviart—-Thomas element

Zy

¢ Raviart-Thomas element: (cf. [4, Raviart & Thomas, '77])
RT(Th) = {yn € (B'(T))" | ynlr - nr = const on AT forall T € Ty,
Ivs-nls =0onSforallS e S;},

RTN(Th) = {yn € RT(Tr) | yn-n=0a.e.only}.

¢ Basis functions: (¢s)ses, € RT%(75) s.t.

s Ny =d0s¢y onS  forallS, S €Sy,

eg.,
S| .
ps() = J ST (e = X)X E Ty, ;
’ ifx€Q\ (T, UT-).
z.
¢ Conformity: RTO(’E) g WP (diV; Q)- Figure: Raviart-Thomas basis

function.



Special features of the Raviart—-Thomas element

¢ Fortin interpolation operator: M;': W2 (div; Q) N (W"(Q))? — RTY(75), for every
y € WX (div; Q) n (W"'(Q))? defined by
Myy = Z (y-nsis, where (y-n)s:= ][y -nds forallSe &,
ses, S
preserves averages of divergences and moments of normal traces (on sides), i.e.,
for every y € Wf (div; Q) n (W"'(Q))?, it holds that
divly = Mydivy  in P°(75),
wh[ﬂffy~n] =7th/-n] in ]P)O(Sh),
where
¢ M L'(Q) — P°(T,), for every v € L'(Q), is defined by
Mvi= > (Vrxr, where  (v)r:= ]lvds forall T € Ty;
TET, T

¢ L'(USy) — PO(Sy), for every v € L'(USh), is defined by

TR = Z (V)sxs, Where (V)s = fvds forallSe S,.
JS

Ses,



Key ingredient I: discrete surjectivity of divergence operator

Lemma: (key ingredient I: discrete surjectivity of divergence operator)
The following statements apply:

(i) If Ty # 09, then div: RTY(Tn) — P°(75) is surjective;
(i) If Ty = 8Q, then div: RTY(7;) — P3(75) = P°(75)/R is surjective.

Proof. If p<2, M} Wﬁ,/(div; Q) — RTx(Ts) is still well-defined (cf. [3, Ern, Guermond, '21]).
ad (i). Since div(W? (div; Q)) =L (Q), for every f, € P°(75), there is y € W7 (div; Q) s.t.
divy=f, ae.inQ.
Then, y;, == My € RTY(Ty) satisfies
divy, = Mpdivy .
ae inQ.
= Mpfh = fy
ad (ii). Since div(Wﬁl(div; Q)) :LGI(Q), for every f, € P3(7), thereisy € Wﬁ/(div; Q) s.t.
divy=f, aeinQ.
Then, y, == Nfly € RTy(7Ts) satisfies
divy, = Npdiv
4 neivy a.e.in Q. [
=My =1y



Discrete integration-by-parts formula

Lemma: (discrete integration-by-parts formula)

For every v, € S (7;) and y, € RT°(75), it holds that

/thh-yhdx+/vhdivyhdx= Vhyn-nds.
Q Q o0

Proof.
¢ Element-wise integration-by-parts yields that

/thh-yhder/vhdivyhdx— [/thh yhdx+/vhd|vyhdx]
2 Q TeTh

= Z/ VhYh - nds
oT

TETh
= / VaYn-nds+ Y /[[vhy,1 n)sds.
Je ses)”
¢ The product rule [Vays - n]s = [Va]s{¥n - n}s + {Va}syn - n]s for S € S}, yields that
Z /[[Vhyh nﬂst— Z [{yh n}s/ [[Vh]]sds+ Hyh nﬂs/{vh}st] =0. N
——

ses}, ses)
=0



Key ingredient IlI: discrete orthogonality relation

Lemma: (key ingredient II: discrete orthogonality relation)

ker(div|=rg(7)) = (Va(Sy® (Tn))) " (in (P°(7h))°)-

Proof.
ad ‘C’. Fory, € ker(div|r79(7;)), for every v, € Sy (75), it holds that

/thh-yhdx= —/vhdivyhdx=0,

e, ¥n € (Va(Sy™(Th)) ™
ad‘D". Fory, € (Va(Sy®(Th)))", for every S € S}, it holds that
0= /Vhsas~yhdx= Iys - n]s|SI,

Q

i.e.,yn € RT(Ty) with divy, = 0 a.e. in Q.
— Forevery S e S it holds that

0= /VhLPS'}’th=Yh'”\S|S\7
JQ

i.e., yn € ker(div|rrd(m;))- |



Fenchel duality theory
for discrete integral functionals



Discrete primal problem

¢ Three non-conforming modifications:
1. Replace ¢ and v by element-wise approximations ¢, and vy, i.e.,
o ¢p: QxR? = RU{+00} is measurable s.t. ¢;(x, ) € Io(R?) fora.e. x € Q;
o Un: QxR — RU{+o0} is measurable s.t. v (x, ) € Mo(RY) fora.e. x €
o ¢n(-1),Un(-,8) € P°(T;) forallt e R?and s € R.
2. (Local) L?-projection operator I, : L'(Q) — P°(7);

1,cr

3. Element-wise gradient operator V,: Sy (Ts) — (P°(75))°.

¢ Discrete primal problem: Min. [{" : S} (7;) — RU{ +o0},
for every v, € S} (75) defined by

Iy (vh) = /(1/7(',thh)dx+/t'h(',ﬂth)dX~
Q Q

¢ Assumption: A minimizer u¢ € S (75), a so-called Tor | 1iof
P h D h uy  shemy)
. . . . D
discrete primal solution, exists.



Discrete (Fenchel) primal problem

¢ Setup of a discrete (Fenchel) primal problem:
o Let Gy: (P°(75))? — R U {400}, for every y, € (P°(75))", be defined by

Gh(yn) = / Bn(-,Yn) dx.
Q

— Gy € To((P°(Tn)));

o LetFy: SY(Th) — R U {+oo}, for every v, € Sy (7T5), be defined by

Fh(Vh) = / 1/}[,(~, nth) dx.
Q

— Fn € To(Sy (Th));

o Let Ay: SY(Th) — (P°(T5))°, for every vy, € S)'(7h), be defined by

ApVp = Vv .
— My € L(Sy (Th); (P°(Th))?)-
— Discrete (Fenchel) primal problem: For every v, € S} (75), we have that

Iﬁr(vh) = G,,(/\,,vh) + Fh(Vh) .



Discrete (Fenchel) dual problem

¢ Discrete (Fenchel) dual problem: Maximize
D?: (P°(75))? — R U {—oc}, for every y, € (P°(75))?, LS
defined by

Dh(n) = — Fi(=Niyn) — Gr(¥h) »

where Z oy
o Forevery y, € (P°(75)), it holds that

Gh(yn)=  sup {/Q}’h'Yth*/Q%('a}A’h)dX}

n € (PO(T))?

Z/TS”P {yn(xr) -t = dn(x7, 1)} dx

TeTs teRd

[ éitamax;
Q

o Forevery y, € (P°(75))% we have that

Fr(=Ahyn) = sup { / —Yh - VpVh dx —/ Ua(-, I_|th)dX} .
) Q Q

vheSy” (T



Integral representation of dual problem

¢ Integral representation of F; o (—A;): For every y, € RTY(75), we have that

Fr(—=AsThyn) = sup {/ *nth'thth*/wh('vnhvh)dx}
Q Q

v EeSY (Th)

= sup {/diV}’h nthdX—/lﬁh(’-,nth)dX}
e INEAT 2

VHES)

when? <= /Qw,f(-,divyh)dx>.



Fenchel conjugate of discrete integral functionals defined on I'Ih(SE,’C’(Th))

Lemma: (Fenchel conjugate of integral functionals defined on M,(S} (7))
Let one the following two assumptions be satisfied:

Mo # 0%
Yn(x,-) € C'(R) fora.e. x € Q.

Then, for every ¥, € P°(75), it holds that

/Qd)ﬁ(-,‘?h)dx= sulo(m{/n\“/h l'lhvth—/Qwh(-,l'lhv,,)dx}.

Vh GSZ)‘cr

Proof (of the case I'p # 99)
Appealing to [1, Bartels & Wang, '21], it holds that

P°(Th) = Mn(Sp® (Th)) -
For every ¥ € P°(75), we find that

sup {/\7}, nthdX—/d)h(‘,nth)dX} sup {/thhdx—/w,,(-7vh)dx}
Q Q VR EPO(Th) Q Q

v E81 cr(T)
/ W (-, 0h) dx
JQ



Integral representation of dual problem

¢ Integral representation of F; o (—A;): For every y, € RT5(75), we have that

Fi(=AsTihys) = sup {/ —”h}’h'VthdX—/th(‘,”th)dx}
Q Q

vhESY (Th)

= sup {/dlvy,, nthdX—/lth(',nth)dX}
1,cr(7—h) Q Q

vheS)
when? <= /szf,‘(-,divyh)dx>.
¢ Assumption: For every y, € RTY(75), we have that
Fi (=N Mhyn) = /Qw;:(.,divyh)dx.
— Integral representation: For every y, € RTq(75), we have that
DR(M) = — [ G Mh) dx = [ 45 (v dx.

¢ Assumption: A maximizer Myzy' € My(RTH(75)), a so-called discrete dual solution,
exists.



Integral representation of dual problem

¢ Integral representation of F; o (—A;): For every y, € RT5(75), we have that

Fi(=AsThys) = sup {/ *”h}’h'VthdX*/wh(‘,”th)dx}
Q Q

vheSy (Th)

= sup {/diV}’h ”thdX*/UJh(‘,”th)dX}
Q Q

vhesye(
when? <= /Qw,f(-,divyh)dx>.
¢ Assumption: For every y, € RTY(75), we have that
FoMiln) = [ 03 (. divyn) dx.
— Integral representation: For every y, € RTq(75), we have that
Dy (yh) / & (-, Mhyn) dx — / Yp (-, divys) dx

¢ Assumption: A maximizer zi € RT3(75), a so-called discrete dual solution, exists.



Discrete weak duality relation

Lemma: (discrete weak duality relation)

There holds a discrete weak duality relation, i.e., it holds that

inf  [7'(va) > sup  DR(yn).
vh€Sy (Th) YhERTY(Th)

¢ Proof (for integral functionals). Let v, € Sy (75) and y, € RTH(75) be arbitrary.
e By the Fenchel-Young inequality, it holds that

Mhyn - Vv < 4 (-, Mayn) + én(-, Vava) a.e. inQ, )
divyn Mpvi < Y5 (-, divyn) + ¥n(-, Mpva) a.e.inQ.

e Summation of (x) and the discrete integration-by-parts formula yield that
0= / Mpyn - Vavp dx + / diVyh Mpvy dx
Q Q
S / ¢h('7 Vth) dx + / ’L/)h(~, |_|th) dx
Q Q
+ [ M) [ widivyn) dx
Q Q

= I (vh) — DR (y) - L



Discrete strong duality relation < Discrete convex optimality relations

Lemma: (discrete strong duality < discrete convex optimality relations)
For uf' € Sy°(7n) and Zf € RTY(7), the following statements are equivalent:
i) Adiscrete strong duality relation applies, i.e., it holds that
I3 (ur') = DR (zh);
ii) Discrete convex optimality relations apply, i.e., it holds that
&h (-, Mhzh) — Mazhy - ViUl + én(-, Vaui) =0 a.e.inQ,
p (-, divzy) — divzy Npul + (-, MUl ) = 0 ae. inQ.

Proof. By the Fenchel-Young inequality and discrete integration-by-parts formula,
it holds that

i 0 = I (uy') — Dh (2h)
0= / {¢;(7 thg) = I'Ihzf,' . thﬁ’ -4 d)h('; V,,uﬁ')} dx
Q
>0
+ / {4n (-, divzy) — divzy Mauf + ¥n(:, Mauf’)} dx
Q
i) . =0




Discrete reconstruction formula

Lemma: (discrete reconstruction formula)

Let uf" € Sy (7h) be a discrete primal solution and let the following be satisfied:

(x,-) € C'(RY) fora.e. x € Q;
(x,-) € C'(R) fora.e.x €

Then, a dual solution Z € RTY(75) is given via

) aF wah('anhuﬁr)(

Z = Dign(-, Vaup idgs — Myidze) a.e.inQ.

In particular, a discrete strong duality applies, i.e., If(u") = D} (z}).

Proof
There exists z, € RTY(T5) s-t.

divz, = Dybp(-, Mpuy’)  a.e.in Q.
For every v, € S} (75), it holds that

/(ng/z\h)'vhvth=/ I'Ihsz ~VthdX+/ diVEh Mpvpdx =0,
Q Q ~~ ~——

Q
5 T Din( V) Detin( Mt
e, 21 — % € (Va(SYT(TR)): tén(-, Valy') en (-, Mauf)



Discrete reconstruction formula

e Due to the discrete orthogonality relation, it follows that
2 =2 € (Va(Sy (Th))* = ker(divlrrs(r)
i.e., we have that z;! € RTY(75) with
divz, = divz, } a.e.inQ.
= Detn(-, Mhuy')
o In summary, we have that uf” € S}'(7;) and ! € RTj(T5) satisfy
Nyzh = Dign(-, Viup) ae.inQ,
{divzﬁ = Dep(-, Mpuf) ae.inQ.
&n (-, Mhziy) — Mzhy - VUl + ¢n(-, Vaup) =0 a.e.in Q,
{w,ﬁ(~, divzy) — divzy Mauf + ys(-, Myuf’) = 0 a.e.in Q.
& () =Di).
— By the discrete weak duality relation, we conclude that
Di(zn) = Iy (uf)

> sup  Dp(yn)- L
YhERTY(Th)



Discrete reconstruction formula

Lemma: (discrete reconstruction formula)

Let ' € RTN(7») be a discrete dual solution and let the following be satisfied:

o (x,-) € C'(RY) fora.e. x € Q;
Yr(x,-) € C'(R) fora.e. x € Q;

Then, a discrete primal solution uf’ € Sy (75) is given via
U = Do (-, divZy) 4 Degtps (-, Mhzp) - (idge — Mpidge)  a.e.in Q.
In particular, a discrete strong duality applies, i.e., If" (uf") = D} (z}!).

Proof
There exists Uy, € Sy (75) s.t.
Vhﬁh = Dt¢;(~, I'Ihsz) a.e.inQ.

For every y, € RTr(75), it holds that

/(uﬁ’fah)-divyhdx=/ Myur” divyhdx+/vhﬁ,,-ﬂhy,,dx=0,

N = D¢y (-, My}t = Dy (-, div Z}!
e, uf — Ty € (div(RTY(Th)))™ - (@i (- Mhzp) Wi dvzy)



Discrete reconstruction formula

e Due to the surjectivity of divergence operator, it follows that

o . 0} ifr Q,
Ul — Uy € (div(RTR(TH)): = {]é } ;f I'Z i gQ

i.e., we have that uf" € Sy (75) with
thﬁr =] Vhﬁh .
. p a.e.inQ.
= Dby (¢, Mazhy)
o In summary, we have that uf € S)'(75) and ! € RTj(T5) satisfy
Npuf = Deyi (-, divzy) a.e.inQ,
Vhtp = Dy (-, Thz) a.e.in Q.
(-, Mhz) — MaZp - VUl + én(-, Vo) = 0 a.e.in Q,
Up (-, divzy) — divzy Naug + (-, MUl ) =0 ae. inQ.
& 5 () =Dh(zR).
— By the discrete weak duality relation, we conclude that
(") = DR (Z)

< inf o (vh). n
vheSy(Th)



Examples
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Examples

,Cf(77,)

“(Th) — R, forevery vy, € S}

1
D

/\thh|2dx—/fh
Q Q

¢ Discrete primal problem: Minimize If": S

defined by

Th))

(

(fh S PO

Myvy dx,

1
2
1% e C'(RY) and o (x,-) == (t — —

I (vh)

fa(x)t) € C'(R) for a.e. x € Q.

1
2
on:

ie., ¢p =

¢ Appl

(Deflection of membrane)

icat

= 0.

1.7 (T5,), where T

D

Figure: uf" € S

Figure: f, € PO(Tp).



Examples: Poisson problem

¢ Discrete dual problem: Maximize D} : RTp(75) —RU{—oc}, for every y, e RTY(T5)
defined by

1 [ .
Dy (yn) = — 2 /Q |Mayn | dx — I?,fh}(dlvy,,),
where I? ¢, : P°(7h) — R U {+oc}, for every v, € P°(T5), is defined by

= 0 ifv, = —fya.e.inQ
IQ_ v — h h )
=y (Vh) {+oo else.

¢ Discr. dual solution, discr. strong duality, discr. convex optimality relations:
There exists a discrete dual solution z! € RT(75) s.t.

1 1 .
§|r|,,z;f 2 _Mpzfl - Vaul + é\v,,uh|2 =0 ae. inQ,

I (uy) =Df(zh) <
I({‘lfh}(div zi) —divzy Myug — fu =0 a.e.inQ.

Mhzi = Vaus’ ae. inQ,
divzi = — f, ae.inQ.



Examples: p-Dirichlet problem

¢ Discrete primal problem: Minimize IZ": S} (T;) — R, for every v, € Sy (Th),
defined by

cr 1
lh (Vh) = B/ \thh|pdx — / fh |_|th dX7 (fh S ]P)O('ﬁ,))
Q Q
i.e., ¢n = 3| P € C'(RY) and yn(x,") = (t = —fa(x)t) € C'(R) fora.e. x € Q.

¢ Application:

10 10 -LloO

1.0
A iy —
Figure: uf” € S} (7;), where [y = 9B2(0) and f = 1. Figure: uf" € Sy (7}), where Iy = 9B%(0)and f = 1.



Examples: p-Dirichlet problem

¢ Discrete dual problem: Maximize D} : RTN(75) — RU{—oc}, for every y, e RTR(Th),
defined by

D) == — > / Maynl? dx — 2, (divy),

where I ¢, : P°(7h) — R U {+oc}, for every vy € P°(T;), is defined by

o 0 if v, = —f,a.e.inQ
IQ_ V) = h h )
t-m ) {+oo else.

¢ Discr. dual solution, discr. strong duality, discr. convex optimality relations:
There exists a discrete dual solution z! € RT(75) s.t.

1 1 .
E|I‘Ihz \p — Mpzf - Vpul + E\thﬂp =0 a.e.inQ,

5 (uf) = Dj (zh)

I({'lfh}(divzf,t) —divzy Myuf — f,Myuy =0 a.e.inQ.
Nez = |Vl P2V Ul ae inQ,
divzl = —f, ae. inQ.



Examples: Obstacle problem

¢ Discrete primal problem: Minimize I : S} (75) — RU{+o0}, for every v, € Sy (75)
defined by

g 1
/hr(Vh) = E /Q |Vth|2dX — /th Mpvy dx + IE(I‘I,,V,,), (fh S ]P)O('ﬁ,))

where [?: P°(7;) — R U {+oc}, for every vy, € P°(Ty), is defined by

. 0 ifv, >0ae.inQ,
L) = +o0 elsfe .

¢ Application: (Deflection of membrane with obstacle)

i
RN

SRR
AR

1.0 -1.0
Figure: f, € PO(T). Figure: uf" € S} °(7p). Figure: M,uS" € PO(Tp).



Examples: Obstacle problem
¢ Discrete dual problem: Maximize D} : RTN(75) — RU{—oc}, for every y, e RTR(Th),
defined by
r 1 ;
Dim) = — 5 [ IMshlax— 2 Fy -+ dlivys)
Q
where [ : P°(7;) — R U {400}, for every v, € P°(T,), is defined by

I‘E(Vh) — {0 ifvp, <0ae.inQ,
+oo else.

¢ Discr. dual solution, discr. strong duality, discr. convex optimality relations:
There exists a discrete dual solution z! € RTY(75) s.t.

%|I‘Ihz§,‘ 2 M2 - Vatf + %\thﬁ’\z =0 a.e.inQ,
I (uf) = Dh(zh) <« 19(f, + divzy .
- o) o (=0 a.e.inQ.
— (fp + divzy) Myup + 17 (Mhup)
Mpzy = Vaul a.e.inQ,
- f, +divzy <0 a.e.inQ,
Myuy >0 a.e.inQ,
(f, +divzy) Nyuy =0 ae. inQ.




Thank You for today!
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