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Fenchel duality theory
for integral functionals



Primal problem

⌥ Assumptions:

(C.�) � : ⌦⇥ Rd ! R [ {+1} measurable s.t. �(x, ·) 2 ��(Rd) for a.e. x 2 ⌦;

(C.�)  : ⌦⇥ R ! R [ {+1} measurable s.t.  (x, ·) 2 ��(R) for a.e. x 2 ⌦;

(C.�) For all y 2 (Lp(⌦))d and v 2 Lp(⌦), it holds that

99999999999999999
ˆ
⌦

�(·, y) dx,
ˆ
⌦

 (·, v) dx 22222222222222222 R [ {+1} ;

(C.�) There exists v� 2 W�,p
D (⌦) s.t.

99999999999999999
ˆ
⌦

�(·,rv�) dx,
ˆ
⌦

 (·, v�) dx 22222222222222222 R .

⌥ Primal problem: Minimize I : W�,p
D (⌦) ! R [ {+1},

for every v 2 W�,p
D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
ˆ
⌦

�(·,rv) dx +
ˆ
⌦

 (·, v) dx .

⌥ Assumption: A minimizer u 2 W�,p
D (⌦), a so-called

primal solution, exists. u

R

W�,p
D (⌦)

I(u)

I
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(Fenchel) primal problem

⌥ Setup of a (Fenchel) primal problem:
• Let G : (Lp(⌦))d ! R [ {+1}, for every y 2 (Lp(⌦))d , be de�ned by

G(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
ˆ
⌦

�(·, y) dx .

!!!!!!!!!!!!!!!!! G 22222222222222222 ��((Lp(⌦))d) (cf. (C.�) & (C.�) & (C.�));

• Let F : W�,p
D (⌦) ! R [ {+1}, for every v 2 W�,p

D (⌦), be de�ned by

F(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
ˆ
⌦

 (·, v) dx .

!!!!!!!!!!!!!!!!! F 22222222222222222 ��(W�,p
D (⌦)) (cf. (C.�) & (C.�) & (C.�));

• Let ⇤ : W�,p
D (⌦) ! (Lp(⌦))d , for every v 2 W�,p

D (⌦), be de�ned by

⇤v :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= rv in (Lp(⌦))d .

!!!!!!!!!!!!!!!!! ⇤ 22222222222222222 L(W�,p
D (⌦); (Lp(⌦))d).

))))))))))))))))) (Fenchel) primal problem: For every v 2 W�,p
D (⌦), we have that

I(v) ================= G(⇤v) + F(v) .
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(Fenchel) dual problem

⌥ Assumption: (C.�) For all y 2 (Lp0(⌦))d and v 2 Lp0(⌦), it holds that

99999999999999999
ˆ
⌦

�⇤(·, y) dx,
ˆ
⌦

 ⇤(·, v) dx 22222222222222222 R [ {+1} .

⌥ Dual problem: Maximize D : (Lp0(⌦))d ! R [ {�1},
for every y 2 (Lp0(⌦))d , de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � F⇤(�⇤⇤y)� G⇤(y) ,

where
z

R

(Lp
0
(⌦))d

D(z)

D

••••••••••••••••• For every y 2 (Lp0(⌦))d , we have that

G⇤(y) ================= sup
by2(Lp(⌦))d

ß ˆ
⌦

y · by dx �
ˆ
⌦

�(·,by) dx
™
.

when?
Å
=================

ˆ
⌦

�⇤(·, y) dx , where �⇤(x, ·) := (�(x, ·))⇤ for a.e. x 2 ⌦

ã
;

••••••••••••••••• For every y 2 (Lp0(⌦))d , we have that

F⇤(�⇤⇤y) ================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

�y ·rv dx �
ˆ
⌦

 (·, v) dx
™
.
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Fenchel conjugates of integral functionals

Lemma: (Fenchel conjugates of integral functionals, cf. [�, Rockafellar, ’�6])
For ` 2 N, let � : ⌦⇥ R` ! R [ {+1} be a convex normal integrand, i.e.,
• � : ⌦⇥ R` ! R [ {+1} is measurable;
• �(x, ·) 2 ��(R`) for a.e. x 2 ⌦.

Then, the following statements apply:
(i) �⇤ : ⌦⇥ R` ! R [ {+1} is a convex normal integrand;
(ii) If, in addition, for every y 2 (Lp(⌦))`, it holds that

99999999999999999
ˆ
⌦

�(·, y) dx 22222222222222222 R [ {+1} .

and F� : (Lp(⌦))` ! R [ {+1}, for every y 2 (Lp(⌦))`, is de�ned by

F�(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
ˆ
⌦

�(·, y) dx ,

then (F�)
⇤ : (Lp0(⌦))` ! R [ {+1}, for every y 2 (Lp0(⌦))`, is given via

(F�)
⇤(y) =================

8
<

:

´
⌦
�⇤(·, y) dx if (�⇤(·, y))� 2 L�(⌦) ,

+1 else .
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(Fenchel) dual problem

⌥ Assumption: (C.�) For all y 2 (Lp0(⌦))d and v 2 Lp0(⌦), it holds that

99999999999999999
ˆ
⌦

�⇤(·, y) dx,
ˆ
⌦

 ⇤(·, v) dx 22222222222222222 R [ {+1} .

⌥ Dual problem: Maximize D : (Lp0(⌦))d ! R [ {�1},
for every y 2 (Lp0(⌦))d , de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � F⇤(�⇤⇤y)� G⇤(y) ,

where
z

R

(Lp
0
(⌦))d

D(z)

D

••••••••••••••••• For every y 2 (Lp0(⌦))d , we have that

G⇤(y) ================= sup
by2(Lp(⌦))d

ß ˆ
⌦

y · by dx �
ˆ
⌦

�(·,by) dx
™
.

=================

ˆ
⌦

�⇤(·, y) dx ;

••••••••••••••••• For every y 2 (Lp0(⌦))d , we have that

F⇤(�⇤⇤y) ================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

�y ·rv dx �
ˆ
⌦

 (·, v) dx
™
.
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Integral representation of dual problem

⌥ Integral representation of F⇤ � (�⇤⇤): For every y 2 Wp0
N (div;⌦), we have that

F⇤(�⇤⇤y) ================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

�y ·rv dx �
ˆ
⌦

 (·, v) dx
™

================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

div y v dx �
ˆ
⌦

 (·, v) dx
™

when?
Å
=================

ˆ
⌦

 ⇤(·, div y) dx , where  ⇤(x, ·) := ( (x, ·))⇤ for a.e. x 2 ⌦

ã
.
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Fenchel conjugate of integral functionals de�ned on W�,p
D (⌦)

Lemma: (Fenchel conjugate of integral functionals de�ned on W�,p
D (⌦))

Let the following assumptions be satis�ed:
(i)  : ⌦⇥ R ! R is a Carathéodory mapping, i.e.,

�����������������  (·, t) : ⌦ ! R is measurable for all t 2 R;
�����������������  (x, ·) : R ! R is continuous for a.e. x 2 ⌦.

(ii) For every v 2 Lp(⌦), it holds that  (·, v) 2 L�(⌦).

Then, for every v̂ 2 Lp0(⌦), it holds thatˆ
⌦

 ⇤(·, v̂) dx ================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

v̂ v dx �
ˆ
⌦

 (·, v) dx
™
.

⌥ Proof.
• From (C.�)–(C.�) and (i), (ii), it follows that

F :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

Å
v 7!

ˆ
⌦

 (·, v) dx
ã
22222222222222222 C�(Lp(⌦)) .

!!!!!!!!!!!!!!!!! For every v̂ 2 Lp0(⌦), we �nd that

sup
v2W�,p

D (⌦)

ß ˆ
⌦

v̂ v dx �
ˆ
⌦

 (·, v) dx
™
================= sup

v2Lp(⌦)

ß ˆ
⌦

v̂ v dx �
ˆ
⌦

 (·, v) dx
™
. ⌅
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Integral representation of dual problem

⌥ Integral representation of F⇤ � (�⇤⇤): For every y 2 Wp0
N (div;⌦), we have that

F⇤(�⇤⇤y) ================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

�y ·rv dx �
ˆ
⌦

 (·, v) dx
™

================= sup
v2W�,p

D (⌦)

ß ˆ
⌦

div y v dx �
ˆ
⌦

 (·, v) dx
™

when?
Å
=================

ˆ
⌦

 ⇤(·, div y) dx , where  ⇤(x, ·) := ( (x, ·))⇤ for a.e. x 2 ⌦

ã
.

⌥ Assumption: (C.6) For every y 2 Wp0
N (div;⌦), we have that

F⇤(�⇤⇤y) =================
ˆ
⌦

 ⇤(·, div y) dx .

))))))))))))))))) Integral representation: For every y 2 Wp0
N (div;⌦), we have that

D(y) ================= �
ˆ
⌦

�⇤(·, y) dx �
ˆ
⌦

 ⇤(·, div y) dx .

��. Aug. ���� A priori and a posteriori error identities for convex minimization problems based on convex duality relations – Alex Kaltenbach �



Weak duality relation

Lemma: (weak duality relation)
There holds a weak duality relation, i.e., it holds that

inf
v2W�,p

D (⌦)

I(v) ����������������� sup
y2Wp0

N (div;⌦)

D(y) .

⌥ Proof (for integral representation). Let v2W�,p
D (⌦) and y2Wp0

N (div;⌦) be arbitrary.
••••••••••••••••• By the Fenchel–Young inequality, it holds that

y ·rv  �⇤(·, y) + �(·,rv) a.e. in ⌦ ,

div y v   ⇤(·, div y) +  (·, v) a.e. in ⌦ .

)
(⇤)

••••••••••••••••• Summation of (⇤) and the integration-by-parts formula yield that

� =================

ˆ
⌦

y ·rv dx +
ˆ
⌦

div y v dx


ˆ
⌦

�(·,rv) dx +
ˆ
⌦

 (·, v) dx

+

ˆ
⌦

�⇤(·, y) dx +
ˆ
⌦

 ⇤(·, div y) dx

================= I(v)� D(y) . ⌅
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Strong duality relation , Convex optimality relations

Lemma: (strong duality relation , convex optimality relations)

For u 2 W�,p
D (⌦) and z 2 Wp0

N (div;⌦), the following statements are equivalent:

(i) A strong duality relation applies, i.e., it holds that

I(u) ================= D(z) ;

(ii) Convex optimality relations apply, i.e., it holds that

�⇤(·, z)� z ·ru+ �(·,ru) ================= � a.e. in ⌦ ,

 ⇤(·, div z)� div z u+  (·, u) ================= � a.e. in ⌦ .

⌥ Proof. By the Fenchel–Young inequality and the integration-by-parts formula,
it holds that

(i) ,,,,,,,,,,,,,,,,, � ================= I(u)� D(z)

,,,,,,,,,,,,,,,,, � =================

ˆ
⌦

�
�⇤(·, z)� z ·ru+ �(·,ru)

 
| {z }

� �

dx

+

ˆ
⌦

�
 ⇤(·, div z)� div z u+  (·, u)

 
| {z }

� �

dx

,,,,,,,,,,,,,,,,, (ii) . ⌅
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Suf�cient conditions for strong duality

Lemma: (suf�cient conditions for strong duality)
Let the following assumptions be satis�ed:
(i) � : ⌦⇥ Rd ! R is a Carathéodory mapping, i.e.,

����������������� �(·, t) : ⌦ ! R is measurable for all t 2 Rd;
����������������� �(x, ·) : Rd ! R is continuous for a.e. x 2 ⌦.

(ii) For every y 2 (Lp(⌦))d , it holds that �(·, y) 2 L�(⌦).

Then, a strong duality relation applies, i.e., it holds that

I(u) ================= D(z) .

⌥ Proof.
• By (C.�)–(C.�) and (i), (ii), we have that

G :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

Å
y 7!

ˆ
⌦

�(·, y) dx
ã
22222222222222222 ��((Lp(⌦))d) \ C�((Lp(⌦))d) .

• By (C.�)–(C.�), we have that

F :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

Å
v 7!

ˆ
⌦

 (·, v) dx
ã
22222222222222222 ��(W�,p

D (⌦)) .

!!!!!!!!!!!!!!!!! From the Fenchel duality theorem, we conclude that I(u) ================= D(z). ⌅
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Reconstruction formula

Lemma: (reconstruction formula)
Let u 2 W�,p

D (⌦) is a primal solution and let the following assumptions be satis�ed:

• �(x, ·) 2 C�(Rd) with Dt�(x, t) . (�+ |t|p��) for all t 2 Rd and a.e. x 2 ⌦;
•  (x, ·) 2 C�(R) with Dt (x, t) . (�+ |t|p��) for all t 2 R and a.e. x 2 ⌦.

Then, a dual solution z 2 Wp0
N (div;⌦) is given via

z ================= Dt�(·,ru) a.e. in ⌦ .

In particular, a strong duality relation applies, i.e., I(u) ================= D(z).

⌥ Proof.
• There exists bz 2 Wp0

N (div;⌦) s.t.

divbz ================= Dt (·, u) a.e. in ⌦ .

• For every v 2 W�,p
D (⌦), it holds thatˆ

⌦

(z� bz) ·rv dx =================

ˆ
⌦

z|{z}
=Dt�(·,ru)

·rv dx +
ˆ
⌦

divbz|{z}
=Dt (·,u)

v dx ================= � ,

i.e., z� bz 2 (r(W�,p
D (⌦)))?.
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Key ingredient I: surjectivity of divergence operator

Lemma: (key ingredient I: surjectivity of divergence operator)
The following statements apply:

(i) If �N 6= @⌦, then div : Wp0
N (div;⌦) ! Lp0(⌦) is surjective;

(ii) If �N = @⌦, then div : Wp0
N (div;⌦) ! Lp0

� (⌦) := Lp0(⌦)/R is surjective.

Proof.
ad (i). For f 2 Lp0(⌦), choose y := �ru 2 (Lp0(⌦))d , where u 2 W�,p0

D (⌦) solves

��u ================= f a.e. in ⌦ ,

ru · n ================= � a.e. on �N ,

u ================= � a.e. on �D .

9
>>=

>>;
(Zarembda)

Then, y 2 Wp0
N (div;⌦) with div y = f a.e. in ⌦.

ad (ii). For f 2 Lp0
� (⌦), choose y := �ru 2 (Lp0(⌦))d , where u 2 W�,p0(⌦) solves

��u ================= f a.e. in ⌦ ,

ru · n ================= � a.e. on @⌦ .

)
(Neumann)

Then, y 2 Wp0
N (div;⌦) with div y = f a.e. in ⌦. ⌅
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Reconstruction formula

Lemma: (reconstruction formula)
Let u 2 W�,p

D (⌦) is a primal solution and let the following assumptions be satis�ed:

• �(x, ·) 2 C�(Rd) with Dt�(x, t) . (�+ |t|p��) for all t 2 Rd and a.e. x 2 ⌦;
•  (x, ·) 2 C�(R) with Dt (x, t) . (�+ |t|p��) for all t 2 R and a.e. x 2 ⌦.

Then, a dual solution z 2 Wp0
N (div;⌦) is given via

z ================= Dt�(·,ru) a.e. in ⌦ .

In particular, a strong duality relation applies, i.e., I(u) ================= D(z)

⌥ Proof.
• There exists bz 2 Wp0

N (div;⌦) s.t.

divbz ================= Dt (·, u) a.e. in ⌦ .

• For every v 2 W�,p
D (⌦), it holds thatˆ

⌦

(z� bz) ·rv dx =================

ˆ
⌦

z|{z}
= Dt�(·,ru)

·rv dx +
ˆ
⌦

divbz|{z}
= Dt (·, u)

v dx ================= � ,

i.e., z� bz 2 (r(W�,p
D (⌦)))?.
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Key ingredient II: orthogonality relation

Lemma: (key ingredient II: orthogonality relation)

Wp0
N (div=�;⌦) ================= (r(W�,p

D (⌦)))? (in (Lp0(⌦))d) .

Proof.
ad ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘✓✓✓✓✓✓✓✓✓✓✓✓✓✓✓✓✓’’’’’’’’’’’’’’’’’. For y 2 Wp0

N (div=�;⌦), for every v 2 W�,p
D (⌦), it holds thatˆ

⌦

rv · y dx ================= �
ˆ
⌦

v div y|{z}
= �

dx ================= � ,

i.e., y 2 (r(W�,p
D (⌦)))?.

ad ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆’’’’’’’’’’’’’’’’’. For y 2 (r(W�,p
D (⌦)))?, for every v 2 W�,p

� (⌦), it holds thatˆ
⌦

rv · y dx ================= � ,

i.e., y 2 Wp0(div;⌦) with div y = � a.e. in ⌦.
!!!!!!!!!!!!!!!!! For every v 2 W�,p

D (⌦), it holds that

hy · n, viW�� �
p ,p(@⌦) =================

ˆ
⌦

rv · y dx
| {z }

= �

+

ˆ
⌦

v div y|{z}
= �

dx ================= � ,

i.e., y 2 Wp0
N (div=�;⌦). ⌅
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Reconstruction formula

• Due to the orthogonality relation, it follows that

z� bz 2 (r(W�,p
D (⌦)))? ================= Wp0

N (div=�;⌦) ,

i.e., we have that z 2 Wp0
N (div;⌦) and

div z ================= divbz
================= Dt (·, u)

)
a.e. in ⌦ .

!!!!!!!!!!!!!!!!! In summary, we have that u 2 W�,p
D (⌦) and z 2 Wp0

N (div;⌦) satisfy

z ================= Dt�(·,ru) a.e. in ⌦ ,

div z ================= Dt (·, u) a.e. in ⌦ .

)
,,,,,,,,,,,,,,,,,

(
�⇤(·, z)� z ·ru+ �(·,ru) ================= � a.e. in ⌦ ,

 ⇤(·, div z)� div z u+  (·, u) ================= � a.e. in ⌦ .

,,,,,,,,,,,,,,,,, I(u) ================= D(z) .

!!!!!!!!!!!!!!!!! By the weak duality relation, we conclude that

D(z) ================= I(u)
����������������� sup

y2Wp0
N (div;⌦)

D(y) . ⌅
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Reconstruction formula

Lemma: (reconstruction formula)

Let z 2 Wp0
N (div;⌦) be a dual solution let the following assumptions be satis�ed:

• �⇤(x, ·) 2 C�(Rd) with Dt�
⇤(x, t) . (�+ |t|p

0��) for all t 2 Rd and a.e. x 2 ⌦;
•  ⇤(x, ·) 2 C�(R) with Dt 

⇤(x, t) . (�+ |t|p
0��) for all t 2 R and a.e. x 2 ⌦.

Then, a primal solution u 2 W�,p
D (⌦) is given via

u ================= Dt 
⇤(·, div z) a.e. in ⌦ .

In particular, a strong duality relation, i.e., I(u) ================= D(z), applies.

⌥ Proof.
• There exists bu 2 W�,p

D (⌦) s.t.

rbu ================= Dt�
⇤(·, z) a.e. in ⌦ .

• For every y 2 Wp0
N (div;⌦), it holds thatˆ

⌦

(u� bu) div y dx =================

ˆ
⌦

u|{z}
= Dt 

⇤(·, div z)
div y dx +

ˆ
⌦

rbu|{z}
= Dt�

⇤(·, z)
· y dx ================= � ,

i.e., u� bu 2 (div(Wp0
N (div;⌦)))?.
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Reconstruction formula

• Due to the surjectivity of divergence operator, it follows that

u� bu 2 (div (Wp0
N (div;⌦)))? =================

8
<

:
{�} if �N 6= @⌦ ,

R if �N = @⌦ ,
,

i.e., we have that u 2 W�,p(⌦) and

r u ================= rbu
================= Dt�

⇤(·, z)

)
a.e. in ⌦ .

!!!!!!!!!!!!!!!!! In summary, we have that u 2 W�,p
D (⌦) and z 2 Wp0

N (div;⌦) satisfy

r u ================= Dt�
⇤(·, z) a.e. in ⌦ ,

u ================= Dt (·, div z) a.e. in ⌦ .

)
,,,,,,,,,,,,,,,,,

(
�⇤(·, z)� z ·ru+ �(·,ru) ================= � a.e. in ⌦ ,

 ⇤(·, div z)� div z u+  (·, u) ================= � a.e. in ⌦ .

,,,,,,,,,,,,,,,,, I(u) ================= D(z) .

!!!!!!!!!!!!!!!!! By the weak duality relation, we conclude that

I(u) ================= D(z)
 inf

v2W�,p
D (⌦)

I(v) . ⌅
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Examples



Examples: Poisson problem

⌥ Classical formulation: For f : ⌦ ! R, seek u : ⌦ ! R s.t.
��u ================= f a.e. in ⌦ ,

ru · n ================= � a.e. on �N ,

u ================= � a.e. on �D .

⌥ Application: (De�ection of membrane)
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Figure: Load f := � exp
Ä
�6|(·) � 6

�� e�|�
ä
: B�

� (�) ! R.
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Figure: Membrane u : B�
� (�) ! R, where �D = @B�

� (�).
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Examples: Poisson problem

⌥ Primal problem: Minimize I : W�,�
D (⌦) ! R, for every v 2 W�,�

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx , (f 2 L�(⌦))

i.e., � := �
� | · |

� 2 C�(Rd) and  (x, ·) := (t 7! �f(x)t) 2 C�(R) for a.e. x 2 ⌦.

⌥ Application: (De�ection of membrane)
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Figure: Load f := � exp
Ä
�6|(·) � 6

�� e�|�
ä
: B�

� (�) ! R.
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Figure: Membrane u : B�
� (�) ! R, where �D = @B�

� (�).
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Examples: Poisson problem

⌥ Dual problem: Maximize D :W�
N(div;⌦) ! R [ {�1}, for every y 2 W�

N(div;⌦)
de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
�

ˆ
⌦

|y|� dx � I⌦{�f}(div y) ,

where I⌦{�f} : L�(⌦) ! R [ {+1}, for every bv 2 L�(⌦), is de�ned by

I⌦{�f}(bv) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

8
<

:
� if bv = �f a.e. in ⌦ ,

+1 else .

⌥ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z 2 W�

N(div;⌦) s.t.

I(u) ================= D(z) ,,,,,,,,,,,,,,,,,

8
><

>:

�
� |z|

� � z ·ru+
�
� |ru|� ================= � a.e. in ⌦ ,

I(·){�f}(div z)� div z u� f u ================= � a.e. in ⌦ .

,,,,,,,,,,,,,,,,,
(

z ================= ru a.e. in ⌦ ,

div z ================= � f a.e. in ⌦ .
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Examples: p-Dirichlet problem

⌥ Classical formulation: Given f : ⌦ ! R, seek u : ⌦ ! R s.t.
�div (|ru|p��ru) ================= f a.e. in ⌦ ,

ru · n ================= � a.e. on �N ,

u ================= � a.e. on �D .

⌥ Application:
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p = 10 f 

Figure: u : B�
� (�) ! R, where �D = @B�

� (�) and f ⌘ �.
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p = 10/9 f 

Figure: u : B�
� (�) ! R, where �D = @B�

� (�) and f ⌘ �.
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Examples: p-Dirichlet problem

⌥ Primal problem: Minimize I : W�,p
D (⌦) ! R, for every v 2 W�,p

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
p

ˆ
⌦

|rv|p dx �
ˆ
⌦

f v dx , (f 2 Lp0(⌦))

i.e., � := �
p | · |

p 2 C�(Rd) and  (x, ·) := (t 7! �f(x)t) 2 C�(R) for a.e. x 2 ⌦.

⌥ Application:
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p = 10 f 

Figure: u : B�
� (�) ! R, where �D = @B�

� (�) and f ⌘ �.
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Figure: u : B�
� (�) ! R, where �D = @B�

� (�) and f ⌘ �.
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Examples: p-Dirichlet problem

⌥ Dual problem: Maximize D : Wp0
N (div;⌦) ! R [ {�1}, for every y 2 W�

N(div;⌦)
de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
p0

ˆ
⌦

|y|p
0
dx � I⌦{�f}(div y) ,

where I⌦{�f} : Lp0(⌦) ! R [ {+1}, for every bv 2 Lp0(⌦), is de�ned by

I⌦{�f}(bv) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

8
<

:
� if bv = �f a.e. in ⌦ ,

+1 else .

⌥ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z 2 Wp0

N (div;⌦) s.t.

I(u) ================= D(z) ,,,,,,,,,,,,,,,,,

8
><

>:

�
p0 |z|

p0 � z ·ru+
�
p |ru|p ================= � a.e. in ⌦ ,

I(·){�f}(div z)� div z u� f u ================= � a.e. in ⌦ .

,,,,,,,,,,,,,,,,,
(

z ================= |ru|p��ru a.e. in ⌦ ,

div z ================= � f a.e. in ⌦ .
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Examples: Obstacle problem

⌥ Classical formulation: For f : ⌦ ! R and � : ⌦ ! R, seek u : ⌦ ! R s.t.

��u ����������������� f a.e. in ⌦ ,

u ����������������� � a.e. in ⌦ ,

(f +�u)(�� u) ================= � a.e. in ⌦ ,

ru · n ����������������� � a.e. on �N ,

u ================= � a.e. on �D .

u
�

C := {u = �}

f

⌥ Application: (De�ection of membrane with obstacle)
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Figure: Load f : B�
� (�) ! R.
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Figure: Obstacle � : B�
� (�) ! R.
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Figure: Membrane u : B�
� (�) ! R.
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Examples: Obstacle problem

⌥ Primal problem: Minimize I : W�,�
D (⌦)!R[{+1}, for every v2W�,�

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx + I⌦+(v) , (f 2 L�(⌦))

where I⌦+ : L�(⌦) ! R [ {+1}, for every bv 2 L�(⌦), de�ned by

I⌦+(bv) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
(
� if bv � � a.e. in ⌦ ,

+1 else .

⌥ Application: (De�ection of membrane with obstacle)
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Figure: Load f : B�
� (�) ! R.
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Figure: Membrane u : B�
� (�) ! R.
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Examples: Obstacle problem

⌥ Dual problem: Maximize D : (L�(⌦))d ! R [ {�1}, for every y 2 (L�(⌦))d de�ned
by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
�

ˆ
⌦

|y|� dx � I⌦�(f + div y) ,

where I⌦� : (W�,�
D (⌦))⇤ ! R [ {+1}, for every bv⇤ 2 (W�,�

D (⌦))⇤, is de�ned by

I⌦�(bv⇤) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
(
� if bv⇤  � in (W�,�

D (⌦))⇤ ,

+1 else .

⌥ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z 2 (L�(⌦))d s.t.

I(u) ================= D(z) ,,,,,,,,,,,,,,,,,

8
<

:

�
� |z|

� � z ·ru+
�
� |ru|� ================= � a.e. in ⌦ ,

I⌦�(f + div z)� hf + div z, uiW�,�
D (⌦) � I⌦�(u) ================= � a.e. in ⌦ .

,,,,,,,,,,,,,,,,,

8
>>>>><

>>>>>:

z ================= ru a.e. in ⌦ ,

f + div z  � in (W�,�
D (⌦))⇤ ,

u ����������������� � a.e. in ⌦ ,

hf + div z, uiW�,�
D (⌦) ================= � .
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A posteriori error identity
on the basis of convex duality



Strong convexity measure

De�nition: (strong convexity measure)
Let X be a Banach space and x 2 X minimal for F : X ! R[ {+1} with F(x) < +1.

Then, ⇢�F : X ⇥ X ! [�,+1] is called a strong convexity measure of F at x 2 X if

⇢�F(y, x)  F(y)� F(x) for all y 2 dom(F) .

⌥ Interpretation: If F : X ! R [ {+1} is twice
continuously Fréchet differentiable, then

⇢�F(y, x)  F(y)� F(x)

=================

�����F(x)� F(x)| {z }
=�

+ h

�
��

DF(x)| {z }
=�

, y � xiX

+

ˆ �

�
hD�F(sx + (�� s)y), (x � y)�iX� ds

=================

ˆ �

�
hD�F(sx + (�� s)y), (x � y)�iX� ds

| {z }
quanti�es strong convexity

. �

F

F(y)

F(x)

y

⇢�
F(y, x)

x

Figure: Interpretation of strong convexity
measure in �D.
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Optimal strong convexity measure

De�nition: (optimal strong convexity measure)
Let X be a Banach space and x 2 X minimal for F : X ! R[ {+1} with F(x) < +1.

Then, the optimal strong convexity measure of F at x 2 X ⇢�F,opt : X ⇥ X ! [�,+1] is
de�ned by

⇢�F,opt(y, x) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= F(y)� F(x) for all y 2 dom(F) .

⌥ Interpretation: If F : X ! R [ {+1} is twice
continuously Fréchet differentiable, then

⇢�F,opt(y, x) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= F(y)� F(x)

=================

�����F(x)� F(x)| {z }
=�

+ h

�
��

DF(x)| {z }
=�

, y � xiX

+

ˆ �

�
hD�F(sx + (�� s)y), (x � y)�iX� ds

=================

ˆ �

�
hD�F(sx + (�� s)y), (x � y)�iX� ds

| {z }
quanti�es strong convexity

. �

F

F(y)

F(x)

y

⇢�
F,opt(y, x)

x

Figure: Interpretation of optimal strong
convexity measure in �D.
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Examples



Examples: Poisson problem

⌥ Primal problem: Minimize I : W�,�
D (⌦) ! R, for every v 2 W�,�

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx . (f 2 L�(⌦))

⌥ Optimal strong convexity measure: For every v 2 W�,�
D (⌦), it holds that

⇢�I,opt(v, u) =================
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx
òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|ru|� dx �
ˆ
⌦

f u dx
òòòòòòòòòòòòòòòòò

=================⇠⇠⇠⇠⇠⇠�
�

ˆ
⌦

|ru|� dx +
ˆ
⌦

ru|{z}
= z

· (rv �ru) dx + �
�

ˆ
⌦

|rv �ru|� dx

�⇠⇠⇠⇠⇠⇠�
�

ˆ
⌦

|ru|� dx �
ˆ
⌦

f (v � u) dx

================= �
⇠⇠⇠⇠⇠⇠⇠⇠
ˆ
⌦

div z|{z}
= �f

(v � u) dx + �
�

ˆ
⌦

|rv �ru|� dx

�⇠⇠⇠⇠⇠⇠ˆ
⌦

f (v � u) dx

=================
�
�

ˆ
⌦

|rv �ru|� dx .
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Examples: Poisson problem

⌥ Dual problem: Maximize D : W�
N(div;⌦) ! R [ {�1}, for every y 2 W�

N(div;⌦)
de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
�

ˆ
⌦

|y|� dx � I⌦{�f}(div y) . (f 2 L�(⌦))

⌥ Optimal strong convexity measure: For every y 2 W�
N(div=�f;⌦), it holds that

⇢��D,opt(y, z) =================
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|y|� dx +

⇢
⇢
⇢
⇢⇢I⌦{�f}(div y)| {z }

= �

òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|z|� dx +

⇢
⇢
⇢
⇢⇢I⌦{�f}(div z)| {z }

= �

òòòòòòòòòòòòòòòòò

=================
������
�

ˆ
⌦

|z|� dx +
ˆ
⌦

z|{z}
= ru
· (y � z) dx + �

�

ˆ
⌦

|y � z|� dx

�
������
�

ˆ
⌦

|z|� dx .

=================

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠ˆ
⌦

( div z|{z}
= �f

� div y|{z}
= �f

) u dx + �
�

ˆ
⌦

|y � z|� dx

=================
�
�

ˆ
⌦

|y � z|� dx .
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Examples: p-Dirichlet problem

⌥ Primal problem: Minimize I : W�,p
D (⌦) ! R, for every v 2 W�,p

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
p

ˆ
⌦

|rv|p dx �
ˆ
⌦

f v dx . (f 2 Lp0(⌦))

⌥ Optimal strong convexity measure: For every v 2 W�,p
D (⌦), it holds that

⇢�I,opt(v, u) =================
ïïïïïïïïïïïïïïïïï �
p

ˆ
⌦

|rv|p dx �
ˆ
⌦

f v dx
òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
p

ˆ
⌦

|ru|p dx �
ˆ
⌦

f u dx
òòòòòòòòòòòòòòòòò

=================⇠⇠⇠⇠⇠⇠�
p

ˆ
⌦

|ru|p dx +

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠ˆ
⌦

|ru|p��ru| {z }
= z

· (rv �ru) dx

+

ˆ
⌦

Å ˆ �

�
|�rv + (�� �)ru|p�� d�

ã
|rv �ru|� dx

�⇠⇠⇠⇠⇠⇠�
p

ˆ
⌦

|ru|p dx �⇠⇠⇠⇠⇠⇠ˆ
⌦

f (v � u) dx

=================

ˆ
⌦

Å ˆ �

�
|�rv + (�� �)ru|p�� d�

ã
|rv �ru|� dx

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠
ˆ
⌦

|V(rv)� V(ru)|� dx , (natural distance)

where V : Rd ! Rd is de�ned by V(a) := |a|
p��
� a for all a 2 Rd.
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Examples: p-Dirichlet problem

⌥ Dual problem: Maximize D : Wp0
N (div;⌦) ! R [ {�1}, for every y 2 Wp0

N (div;⌦)
de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
p0

ˆ
⌦

|y|p
0
dx � I⌦{�f}(div y) . (f 2 Lp0(⌦))

⌥ Optimal strong convexity measure: For every y 2 Wp0
N (div=�f;⌦), it holds that

⇢��D,opt(y, z) =================
ïïïïïïïïïïïïïïïïï �
p0

ˆ
⌦

|y|p
0
dx +

⇢
⇢

⇢
⇢⇢I⌦{�f}(div y)| {z }

= �

òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
p0

ˆ
⌦

|z|p
0
dx +

⇢
⇢

⇢
⇢⇢I⌦{�f}(div z)| {z }

= �

òòòòòòòòòòòòòòòòò

=================
�������
p0

ˆ
⌦

|z|p
0
dx +

ˆ
⌦

|z|p
0��z| {z }

= ru

· (y � z) dx

+

ˆ
⌦

Å ˆ �

�
|�y + (�� �)z|p

0�� d�

ã
|y � z|� dx �

�������
p0

ˆ
⌦

|z|p
0
dx

=================

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠ˆ
⌦

( div z|{z}
= �f

� div y|{z}
= �f

) u dx +
ˆ
⌦

Å ˆ �

�
|�y + (�� �)z|p

0�� d�

ã
|y � z|� dx

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠
ˆ
⌦

|V⇤(y)� V⇤(z)|� dx . (conjugate natural distance)

where V⇤ : Rd ! Rd is de�ned by V⇤(a) := |a|
p0��

� a for all a 2 Rd.
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Examples: Obstacle problem

⌥ Primal problem: Minimize I : W�,�
D (⌦)!R[{+1}, for every v2W�,�

D (⌦) de�ned by

I(v) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx + I⌦+(v) . (f 2 L�(⌦))

⌥ Optimal strong convexity measure: For every v 2 W�,�
D (⌦;R��), it holds that

⇢�I,opt(v, u) =================
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|rv|� dx �
ˆ
⌦

f v dx +

◆
◆
◆I⌦+(v)| {z }

= �

òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|ru|� dx �
ˆ
⌦

f u dx +

◆
◆
◆I⌦+(u)| {z }

= �

òòòòòòòòòòòòòòòòò

=================⇠⇠⇠⇠⇠⇠�
�

ˆ
⌦

|ru|� dx +
ˆ
⌦

ru|{z}
= z

· (rv �ru) dx + �
�

ˆ
⌦

|rv �ru|� dx

�
ˆ
⌦

f (v � u) dx �⇠⇠⇠⇠⇠⇠�
�

ˆ
⌦

|ru|� dx

=================
�
�

ˆ
⌦

|rv �ru|� dx � hf + div z, v � uiW�,�
D (⌦)

=================
�
�

ˆ
⌦

|rv �ru|� dx � hf + div z, viW�,�
D (⌦)

+

⇠⇠⇠⇠⇠⇠⇠⇠hf + div z, uiW�,�
D (⌦)

| {z }
= �

=================
�
�

ˆ
⌦

|rv �ru|� dx � hf + div z, viW�,�
D (⌦)

.
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Examples: Obstacle problem

⌥ Dual problem: Maximize D : (L�(⌦))d !R[{�1}, for every y 2 (L�(⌦))d

de�ned by

D(y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= � �
�

ˆ
⌦

|y|� dx � I⌦�(f + div y) . (f 2 L�(⌦))

⌥ Optimal strong convexity measure: For every y 2 W�
N(div�f;⌦), it holds that

⇢��D,opt(y, z) =================
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|y|� dx +

������I⌦�(div y + f)
| {z }

= �

òòòòòòòòòòòòòòòòò
�
ïïïïïïïïïïïïïïïïï �
�

ˆ
⌦

|z|� dx +

������I⌦�(div z+ f)
| {z }

= �

òòòòòòòòòòòòòòòòò

=================
������
�

ˆ
⌦

|z|� dx +
ˆ
⌦

z|{z}
= ru

· (y � z) dx + �
�

ˆ
⌦

|y � z|� dx

�
������
�

ˆ
⌦

|z|� dx

=================
�
�

ˆ
⌦

|y � z|� dx + hdiv z, uiW�,�
D (⌦)

| {z }
= �

´
⌦
f u dx

�
ˆ
⌦

div y u dx

=================
�
�

ˆ
⌦

|y � z|� dx �
ˆ
⌦

(f + div y) u dx .
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Primal-dual gap identity

De�nition: (primal-dual total error & primal-dual gap estimator)

• The primal-dual total error
⇢�tot : dom(I)⇥ dom(�D) ! [�,+1)

is de�ned by

⇢�tot(v, y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= ⇢�I,opt(v, u) + ⇢��D,opt(y, z)

for all (v, y)> 2 dom(I)⇥ dom(�D).

y
⇢�I,opt(v, u)

v
⇢��D,opt(y, z)

I(v)

D(y)

• The primal-dual gap estimator
⌘�
gap : dom(I)⇥ dom(�D) ! [�,+1)

is de�ned by

⌘�
gap(v, y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= I(v)� D(y)

for all (v, y)> 2 dom(I)⇥ dom(�D).

y ⌘�
gap(v, y)

v

I(v)

D(y)
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Primal-dual gap identity

Theorem: (primal-dual gap identity)
If a strong duality relation applies, i.e.,

I(u) ================= D(z) ,

then for every (v, y)> 2 dom(I)⇥ dom(�D), it holds that

⇢�tot(v, y) ================= ⌘�
gap(v, y) .

⌥ Proof. For every (v, y)> 2 dom(I)⇥ dom(�D),
we have that

⇢�tot(v, u) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= ⇢�I,opt(v, u) + ⇢��D,opt(y, z)
:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:= [I(v)� I(u)] + [D(z)� D(y)]
================= I(v)� [D(z)� I(u)| {z }

=�

]� D(y)

================= I(v)� D(y)
=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=: ⌘�

gap(v, y) . ⌅

y
⌘�
gap(v, y)

v

I(v)

D(y)

⇢�I,opt(v, u)

⇢��D,opt(y, z)

Figure: Primal-dual gap identity in �D.
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Primal-dual gap identity

Theorem: (integral representation of primal-dual gap estimator)

For every v 2 dom(I) and y 2 dom(�D) \Wp0
N (div;⌦), it holds that

⌘�
gap(v, y) =================

ˆ
⌦

�
�(·,rv)�rv · y + �⇤(·, y)

 
dx

+

ˆ
⌦

�
 (·, v)� v div y +  ⇤(·, div y)

 
dx .

⌥ Proof.
• For every v 2 dom(I), we have that

I(v) =================
ˆ
⌦

�(·,rv) dx +
ˆ
⌦

 (·, y) dx .

• For every y 2 dom(�D) \Wp0
N (div;⌦), we have that

D(y) ================= �
ˆ
⌦

�⇤(·, y) dx �
ˆ
⌦

 ⇤(·, div y) dx .

• For every v 2 W�,p
D (⌦) and y 2 Wp0

N (div;⌦), we have that

� =================

ˆ
⌦

rv · y dx +
ˆ
⌦

v div y dx . ⌅
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Primal-dual gap identity

Theorem: (integral representation of primal-dual gap estimator)

For every v 2 dom(I) and y 2 dom(�D) \Wp0
N (div;⌦), it holds that

⌘�
gap(v, y) =================

ˆ
⌦

�
�(·,rv)�rv · y + �⇤(·, y)

 
dx

+

ˆ
⌦

�
 (·, v)� v div y +  ⇤(·, div y)

 
dx .

⌥ Residual interpretation: By the Fenchel–Young inequality, for every v 2 dom(I)
and y 2 dom(�D) \Wp0

N (div;⌦), it holds that

�(·,rv)�rv · y + �⇤(·, y) ����������������� � a.e. in ⌦ ,

 (·, v)� v div y +  ⇤(·, div y) ����������������� � a.e. in ⌦ .

In particular, for v 2 dom(I) and y 2 dom(�D) \Wp0
N (div;⌦), it holds that

�(·,rv)�rv · y + �⇤(·, y) ================= � a.e. in ⌦ ,

&&&&&&&&&&&&&&&&&  (·, v)� v div y +  ⇤(·, div y) ================= � a.e. in ⌦ .

)
,,,,,,,,,,,,,,,,, I(v) ================= D(y)

,,,,,,,,,,,,,,,,,
(

I(v) ================= I(u) ,
&&&&&&&&&&&&&&&&& D(y) ================= D(z) .
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Examples



Examples: Poisson problem

⌥ Primal-dual gap estimator: For every v 2 dom(I) and y 2 dom(�D), it holds that

⌘�
gap(v, y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

ˆ
⌦

ß
�
� |rv|� �rv · y + �

� |y|
�
™
dx

+

ˆ
⌦

�

�������f v � v div y|{z}
=�f

�

⇢
⇢
⇢
⇢⇢I(·){�f}(div y)| {z }

=�

 
dx

=================
�
�

ˆ
⌦

|rv � y|� dx
| {z }

= � ,,,,,,,,,,,,,,,,, y = rv a.e. in ⌦ .

.

⌥ Primal-dual total error: For every v 2 dom(I) and y 2 dom(�D), it holds that

⇢�tot(v, y) =================
�
�

ˆ
⌦

|rv �ru|� dx + �
�

ˆ
⌦

|y � z|� dx .

⌥ Primal-dual gap identity: For every v 2 dom(I) and y 2 dom(�D), it holds that

�
�

ˆ
⌦

|rv �ru|� dx + �
�

ˆ
⌦

|y � z|� dx =================
�
�

ˆ
⌦

|rv � y|� dx ,

i.e., the Prager–Synge–Mikhlin identity!
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Examples: p-Dirichlet problem

⌥ Primal-dual gap estimator: For every v 2 dom(I) and y 2 dom(�D), it holds that

⌘�
gap(v, y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

ˆ
⌦

ß
�
p |rv|p �rv · y + �

p0 |y|
p0
™
dx

+

ˆ
⌦

�

�������f v � v div y|{z}
=�f

�

⇢
⇢
⇢
⇢⇢I(·){�f}(div y)| {z }

=�

 
dx

=================

ˆ
⌦

ß
�
p |rv|p �rv · y + �

p0 |y|
p0
™
dx

| {z }
= � ,,,,,,,,,,,,,,,,, y = |rv|p��rv a.e. in ⌦ .

.

⌥ Primal-dual total error: For every v 2 dom(I) and y 2 dom(�D), it holds that

⇢�tot(v, y) ⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠
ˆ
⌦

|V(rv)� V(ru)|� dx +
ˆ
⌦

|V⇤(y)� V⇤(z)|� dx .

⌥ Primal-dual gap equivalence: For every v 2 dom(I) and y 2 dom(�D), it holds thatˆ
⌦

|V(rv)� V(ru)|� dx +
ˆ
⌦

|V⇤(y)� V⇤(z)|� dx

⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠⇠
ˆ
⌦

ß
�
p |rv|p �rv · y + �

p0 |y|
p0
™
dx .
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Examples: Obstacle problem

⌥ Primal-dual gap estimator: For every v 2 dom(I) and y 2 dom(�D), it holds that

⌘�
gap(v, y) :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=

ˆ
⌦

ß
�
� |rv|� �rv · y + �

� |y|
�
™
dx

�
ˆ
⌦

�
f v � v div y �

������I(·)�(f + div y)
| {z }

=�

 
dx

=================
�
�

ˆ
⌦

|rv � y|� dx �
ˆ
⌦

(f + div y) v dx
| {z }

= � ,,,,,,,,,,,,,,,,, (f + div y) v = � a.e. in ⌦ .

.

⌥ Primal-dual total error: For every v 2 dom(I) and y 2 dom(�D), it holds that

⇢�tot(v, y) =================
�
�

ˆ
⌦

|rv �ru|� dx � hf + div z, viW�,�
D (⌦)

+
�
�

ˆ
⌦

|y � z|� dx �
ˆ
⌦

(f + div y) u dx .

⌥ Primal-dual gap identity: For every v 2 dom(I) and y 2 dom(�D), it holds that
�
�

ˆ
⌦

|rv �ru|� dx � hf + div z, viW�,�
D (⌦) +

�
�

ˆ
⌦

|y � z|� dx �
ˆ
⌦

(f + div y) u dx

=================
�
�

ˆ
⌦

|rv � y|� dx �
ˆ
⌦

(f + div y) v dx .

��. Aug. ���� A priori and a posteriori error identities for convex minimization problems based on convex duality relations – Alex Kaltenbach ��



Major weakness: Practicability

⌥ Major weakness: Which (v, y)> 2 dom(I)⇥ (dom(�D) \Wp0
N (div;⌦)) in

⇢�I,opt(v, u) + ⇢��D,opt(y, z) ================= ⌘�
gap(v, y) ?

⌥ Related contributions:
!!!!!!!!!!!!!!!!! Equilibrated �ux reconstruction:

• W. Prager, J. Synge, Approximations in elasticity based on
the concept of function space, Quart. Appl. Math., ����.

• R. Bank, A. Weiser, Some a posteriori error estimators for
elliptic partial differential equations, Math. Comp., ��8�.

• D. Braess, J. Schöberl, Equilibrated residual error estimator
for edge elements, Math. Comp., ����.

• M. Ainsworth, J. Oden, A posteriori error estimation in �nite
element analysis, Wiley, New York, ����.

!!!!!!!!!!!!!!!!! Averaging �ux reconstruction:
• O. Zienkiewicz, J. Zhu, A simple error estimator and

adaptive procedure for practical engineering analysis,
Internat. J. Numer. Meth. Engrg., ��8�.

• S. Bartels, C. Carstensen, Each averaging technique yields
reliable a posteriori error control in FEM on unstructured
grids. Part I & Part II, Math. Comp., ����.

y ================= y�h + ruh , where

y�h =================
X

⌫2Nh

y�⌫ , where y�⌫ solves

div y�⌫ |T ================= � �
|T| (f,'⌫)T for all T ✓ !⌫ ,

Jy�⌫ · nKS ================= � �
d Jruh · nKS for all S ✓ !⌫ ,

Jy�⌫ · nK ================= � on @!⌫ ,

y ================= Ah(ruh) , where

Ahg :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
X

⌫2Nh\�D

g⌫'⌫ , where

g⌫ :=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=:=
(g, ⌫)supp( ⌫ )

(�,'⌫)supp( ⌫ )

⌥ Discrete reconstruction formula: discrete analogue of z ================= Dt�(·,ru), i.e.,

y ================= zrth ================= Dt�h(·,rhucr
h ) + [[[[[[[[[[[[[[[[[correction terms]]]]]]]]]]]]]]]]] .
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Thank you!
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