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Fenchel duality theory
for integral functionals



Primal problem

¢ Assumptions:
(C.1) ¢: Q x RY = RU {400} measurable s.t. ¢(x,-) € Io(RY) fora.e.x € ;
(C.2) ¥: QxR — RU {400} measurable s.t. ¢(x,-) € [o(R) fora.e.x € Q;
(C.3) Forally e (LP(Q2))? and v € LP(RQ), it holds that

Ly)d v)dx € R
3 /st( X, /d) €RU {+o0};
(C.4) There exists vo € W}*(Q) s.t.

3 [ o Vw0)dx, [ v(.vo)dx €.

¢ Primal problem: Minimize I: W)P(Q) — R U {+o0},
for every v € W*(Q) defined by

I(v) = /Qqﬁ(-,Vv)dx-s-/Qqﬁ(-,v)dx.

¢ Assumption: A minimizer u € W)P(Q), a so-called
primal solution, exists.




(Fenchel) primal problem

¢ Setup of a (Fenchel) primal problem:
o LetG: (LP(R))? — R U {+oc}, for every y € (LP(2)), be defined by

60) = | a(.y)ax
— G € To((LP(Q))?) (cf. (C.1) & (C.3) & (C.4));
o LetF: W)P(Q) — R U {+o0}, for every v € W}P(RQ), be defined by
/ e
— F € Mo(W3P(Q)) (cf. (C.2) & (C.3) & (C.4))
o LetA: WP(Q) — (LP(Q))Y, for every v € Wg,”’(Q), be defined by
Av:=Vv in(LP(Q))°.
— A€ LWZP(Q); (LP())9).
= (Fenchel) primal problem: For every v € W;’p(Q), we have that
I(v) = G(Av) + F(v).



(Fenchel) dual problem

¢ Dual problem: Maximize D: (L”/(Q))d — RU{—o0},
for every y € (L” (Q))?, defined by

D(y) = —F"(=N\y) - G*(y),

where

e Foreveryy € (L”' (Q)), we have that z2 e

G'(y)= sup {/y-?dx—/qs(.,y)dx}.
ye(Lr()? Q Q

when? < = / o (-,y)dx, where ¢ (x, ) = (¢(x,-))" fora.e.x € Q> ;



Fenchel conjugates of integral functionals

Lemma: (Fenchel conjugates of integral functionals, cf. )

For¢eN, letd: QxR 5> RU {+oc} be a convex normal integrand, i.e.,
®: Q x R® - RU {+o0} is measurable;
®(x,-) € No(R") fora.e. x € Q.

Then, the following statements apply:
i) *: Q x R® — RU {400} is a convex normal integrand;
ii) If, in addition, for every y € (LP(2)), it holds that

3 /Qd>(‘,y)dx€Ru{+00}.
and Fo: (LP())* — R U {+oo}, for every y € (LP(RQ))*, is defined by
Foy)i= [ o(.y)ax.
then (Fo)*: (L' (Q))* — R U {+o00}, for every y € (L? (Q))’, is given via

Jo @ (Cy)dxif (@(.,y))” € LY(Q),
400 else.

(Fe) (v) = {



(Fenchel) dual problem

¢ Assumption: (C.5) Forally € (L (Q))? and v € L”'(Q), it holds that

EI/QQS*(- dx/w v)dx € RU {+o0}.

¢ Dual problem: Maximize D: (L' (Q))? — RU {—o0},
for every y € (LP (Q)), defined by

D(y) = — F*(=Ny) = G*(y),

where

e Foreveryy e (LPI(Q))d we have that

G'(y)= sup /yydxf/¢>(y

ye(LP(Q

=/Q¢*( y)dx

e Foreveryy c (LP (Q))%, we have that

Fi(=Ay)= sup ){/Q—vadx—/sz(-,v)dx},

-
vewyP(@



Integral representation of dual problem

¢ Integral representation of F* o (—A™): Foreveryy € W,’f,/ (div; ), we have that

F*(=N\"y) = sup {/ny~Vvdx7/Qw(-,v)dx}

vewyP (@)

= sup {/Qdivyvdxf/ﬂw(~,v)dx}

vewyP (@)

when? (= /q/)*(-,divy) dx, where " (x,) = (¢(x,-))" fora.e.x € Q> :
Q



Fenchel conjugate of integral functionals defined on WE,“’(Q)

Lemma: (Fenchel conjugate of integral functionals defined on WZ)"’(Q))
Let the following assumptions be satisfied:
i) ¥: Q x R — R is a Carathéodory mapping, i.e.,

¥(-,t): Q@ — R is measurable for allt € R;
P(x,-): R — R is continuous for a.e. x € Q.

ii) Foreveryv € LP(Q), it holds that 1(-,v) € L'(Q).
Then, for every V € Lp'(Q), it holds that

/Qz/)*(~,\7)dx= sup {/Q\A/vdx—/ﬂw(-,v)dx}.

"
vewyP (@)

Proof
From (C.2)—(C.4) and (i), (ii), it follows that

F— Vl—)/q/} v) dx eCO(Lp(Q))

For every ¥ € LP (), we find that

sup {/Vvdxf/w(~,v)dx}= sup /vvdx /
1P 0 Q VELP(Q)

veW



Integral representation of dual problem

¢ Integral representation of F* o (—A™): For every y € Wﬁ’ (div; ), we have that

F*(=AN"y) = sup {/nyvVvdxf/Qz/;(-,v)dx}

vewyP (@)

= sup ){/Qdivyvdx—/ﬂqﬁ(~,v)dx}

1,
vewyP(Q

when? ( - /S;w*(-,divy) dx, where v (x,-) = ((x,-))" fora.e.x € Q> .
¢ Assumption: (C.6) Foreveryy € Wf,/(div; Q), we have that
F* (—=N\"y) = /Qw*(-,divy)dx.
= Integral representation: For every y € WZ/ (div; ), we have that

D(y) = —/Q<z>*<~,y)dx—/9w*(~,divy)dx.



Weak duality relation

Lemma: (weak duality relation)

There holds a weak duality relation, i.e., it holds that

inf I(v)> sup D(y).
vewyP (@) yeWﬁ,' (div;)

¢ Proof (for integral representation). Let v ¢ WZ;"(Q) andye WZ/(div; Q) be arbitrary.
e By the Fenchel-Young inequality, it holds that

,VVVS¢*(7}’)+¢(7VV) a.e. inQa ( )
*
divyv < ¢*(-,divy) + (-, v) a.e.inQ.

e Summation of (x) and the integration-by-parts formula yield that
0= /yAVvdx—k/divyvdx
Q Q
< /¢(-,Vv)dx+/w(~,v)dx
JQ JQ
+ [ et [odvyax
Q Q
=1(v) = D(y). u



Strong duality relation < Convex optimality relations

Lemma: (strong duality relation < convex optimality relations)

Foru c WyP(Q)andz € Wﬁl(div; Q), the following statements are equivalent:
i) A strong duality relation applies, i.e., it holds that
I(u) =D(z);
ii) Convex optimality relations apply, i.e., it holds that
¢"(,2)—z-Vu+¢(-,Vu) =0 a.e.inQ,
¥*(-,divz) —divzu+ ¢(,u) =0 a.e.inQ.

Proof. By the Fenchel-Young inequality and the integration-by-parts formula,

it holds that
i 0=I(u) — D(2)
0= / {¢"(-,2) —z- Vu + ¢(-, Vu) } dx
Q
>0
+/ {o"(-,divz) —divzu + (-, u)} dx
: >0



Sufficient conditions for strong duality

Lemma: (sufficient conditions for strong duality)

Let the following assumptions be satisfied:
i) ¢: Q x RY - Ris a Carathéodory mapping, i.e.,
#(-,t): Q — R is measurable for all t € R,
#(x,-): R — R is continuous for a.e. x € Q.

ii) Foreveryy € (LP(Q))%, it holds that ¢(-,y) € L'(Q).
Then, a strong duality relation applies, i.e., it holds that

I(u) =D(z).

Proof
By (C.1)—(C.4) and (i), (ii), we have that

(v / 8(,y)dx) € To((L(@))") N C(LP()°).
By (C.1)—(C.4), we have that
[Fe= <V*—> /Qz/;(-,v) dx) € Mo(W)P(Q)).

From the Fenchel duality theorem, we conclude that /(u) = D(z).



Reconstruction formula
Lemma: (reconstruction formula)
Letu € WZ;”(Q) is a primal solution and let the following assumptions be satisfied:

o(x,-) € C'(RY) with Digp(x,t) < (1+|tP~") forallt € R? and a.e. x € Q;
P(x,-) € C'(R) with Dyp(x,t) < (1+|tP~") forallt € Rand a.e. x € Q.

Then, a dual solution z € Wf,/(div; Q) is given via
z=Di¢(-,Vu) ae.inQ.

In particular, a strong duality relation applies, i.e., I(u) = D(z).



Key ingredient I: surjectivity of divergence operator

Lemma: (key ingredient I: surjectivity of divergence operator)

The following statements apply:

(i) If Ty £ 0Q, then div: Wzl(div; Q) — LPI(Q) is surjective;

(i) If [y = R, then div: W2 (div; Q) — L (Q) := L”'(Q)/R is surjective.

Proof.

ad (i). Forf € L”'(Q), choose y := —Vu € (L”'(Q))¢, where u € Wg;p/(Q) solves

—-Au=f a.e.inQ,
Vu-n=0 a.e.only, (Zarembda)
u=20 a.e.onlp.
Then,y € Wﬁ,/(div; Q) withdivy = fa.e.in Q.

ad (ii). Forf e Lg/(Q), choosey = —-Vu € (Lp/(Q))d, where u € WU’/(Q) solves

—-Au=f a.e.inQ,
(Neumann)
Vu-n=0 a.e.on 0q.
Then,y € Wﬁ,/(div; Q) withdivy = fa.e.in Q. [ ]



Reconstruction formula
Lemma: (reconstruction formula)
Letu e WE,”’(Q) is a primal solution and let the following assumptions be satisfied:

#(x,-) € CY(RY) with Dyp(x,t) < (1+ [tP~") forallt e R and a.e. x € ;
P(x,-) € CY(R) with Dytp(x,t) < (1+ |tP~") forallt € Rand a.e. x € Q.

Then, a dual solution z € Wﬁ,,(div; Q) is given via
z2=Diwp(-,Vu) a.e. inQ.

In particular, a strong duality relation applies, i.e., I(u) = D(z)

Proof
There exists Z € Wy, (div; Q) s.t.

divz =Dw(-,u) ae.inQ.
For every v € W}P(Q), it holds that

/(Z—E)~Vvdx=/ z -Vvdx+ [ divZ vdx=0,
& Jo=~~ 0~

= DtO( VU) = Dtl,J(. U)
ie,z—2ze (VWP@Q)*.



Key ingredient II: orthogonality relation

Lemma: (key ingredient Il: orthogonality relation)

Wy (div=0;Q) = (V(W3P()))* (in (L% (2))7).

Proof.
ad‘C’. Fory e W’A’,/(div:o; Q), for every v € W;P(Q), it holds that

/Vv-ydx: —/vdivydx:O,
Q Q ~~

ie,ye (VIWPQ)))*.
ad‘D". Fory € (V(W;P(Q)))*, for every v € W)P(RQ), it holds that
/ Vv.-ydx=0,
Q
i.e,y e WP (div; Q) withdivy = 0 a.e.in Q.
— For every v € W}*(Q), it holds that

<Y‘”,V>w1—%,p(an)=/Vv.ydx+/vdivydx=0,
Q Q ~~

ie,y € WP (div=0; Q). = n



Reconstruction formula

o Due to the orthogonality relation, it follows that
z-7 € (VWP (Q))* =W (div=0;Q),
i.e., we have that z € WZ, (div; Q) and
divz =divz )
a.e.inQ.
= wa('v U)
— In summary, we have that u € W)(Q) and z € W,ﬂ/(div; Q) satisfy
z=Dip(-,Vu) a.e.inQ, ¢*(z)—z-Vu+¢(,Vu)=0 ae.inQ,
<
divz=Dw(-,u) a.e.inQ. (-, divz) —divzu+(-,u) =0 a.e.in Q.
< l(u)=D(2).
— By the weak duality relation, we conclude that
D(Z) = I(U)

> sup  D(y). [ ]
yew? (divi)



Reconstruction formula

Lemma: (reconstruction formula)

Letz Wﬁl (div; Q) be a dual solution let the following assumptions be satisfied:
¢*(x,-) € C'(RY) with D™ (x, 1) < (14 [t/ ") forallt ¢ RY and a.e. x € Q;
P*(x, ) € CY(R) with Dpp*(x,1) < (1+ |t ") forallt e Rand a.e. x € Q.

Then, a primal solution u € WE;”(Q) is given via
u=Dw*(-,divz) ae.inQ.
In particular, a strong duality relation, i.e., I(u) = D(z), applies.

Proof
There exists U € W}*(Q) s.t.

Vu=Diw*(,z) aeinQ.
Foreveryy ¢ Wﬁ,/(div; Q), it holds that
/Q(ufﬁ)divydx=/\g_/divydx + \VE-ydx:O,

D 'L“ ( diVZ) D Cb ( Z)
, = Uty (-, = D¢ oy



Reconstruction formula

e Due to the surjectivity of divergence operator, it follows that

_ . . {0} ify #0Q,
- div (WP (div; Q)))* = ;
u—u e (div(Wy (div; ))) {R —

i.e., we have that u ¢ W'P(Q) and

Vu=Vu )
. a.e.inQ.
=DT¢ ('72)

—+ In summary, we have that u € WP(Q) and z € W¥, (div; Q) satisfy
Vu=D:¢"(-,z) ae.inQ, ¢"(,z) —z-Vu+¢(,Vu)=0 ae.inQ,
u=Dw(-,divz) a.e.inQ. } - {W(-,divz) —divzu+¢(-,u)=0 a.e.inQ.
< l(u)=D(2).
—» By the weak duality relation, we conclude that
I(u) = D(2)

< inf I(v). u
vew)P (@)



Examples




Examples: Poisson problem

¢ Classical formulation: Forf: Q — R, seeku: Q2 — R s.t.
—-Au=f a.e.inQ,

Vu-n=0 a.e.onfly,
u=20 a.e.onlp.

¢ Application: (Deflection of membrane)

-1.0

1.0

0.5
1.0 -1.0
Figure: Membrane u: B12(0) — R, where [p = 0812(0).

Figure: Load f := 4exp(16/(-) — §e5/2): B2(0) — R.



Examples: Poisson problem

¢ Primal problem: Minimize I: W}*(Q) — R, for every v € W%(Q) defined by
I(v) = 1/ |Vv|?dx — / fvdx, (f € L2(Q))
2 Q Q

i, =7 >€C(RY)and ¢(x, ) = (t = —f(x)t) € C'(R) fora.e. x € Q.

¢ Application: (Deflection of membrane)

-1.0

0.5
10 -1.0
Figure: Membrane u: BZ(0) — R, where [, = 9B2(0).

Figure: Load f := 4exp(16/(-) — gyea|%): B3(0) — R.



Examples: Poisson problem

¢ Dual problem: Maximize D: W2(div; Q) — R U {—oc}, for every y € W3(div; Q)
defined by

1 .
D(y) = — E/Q|Y|2dx_lf{sz}(d|vy)7

where I?_;,: L*(Q) — R U {+oc}, for every V € L*(Q), is defined by

1 n (V)=

. 0 ifv=—fae. inQ,
+o0o else.

¢ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z € W3(div; Q) s.t.
T, 2 1 2 .
E|z| —z-Vu+ E\VU| =0 a.e.inQ,
l({'lf}(divz) —divzu—fu=0 a.e.inQ.
{ z=Vu a.e.inQ,
&

divz = —f a.e.inQ.



Examples: p-Dirichlet problem

¢ Classical formulation: Givenf: Q — R, seeku: Q — R s.t.
—div (|VulP?Vu) =f ae.inQ,
Vu-n=0 a.e.onfly,

u=0 ae.onlp.

¢ Application:

1.0
Figure: u: 812(0) — R, where lp = é')B12(O) andf = 1. Figure: u: B12(0) — R, wherep = i)B%(D) andf = 1.




Examples: p-Dirichlet problem

¢ Primal problem: Minimize I: W) (Q) — R, for every v € W}?(Q) defined by
I(v) = 1/ |Vv[P dx — / fvdx, (f € LP'(Q))
P Ja Q
ie,¢:=1| P eC(R) and y(x,") = (t = —f(x)t) € C'(R) fora.e.x € Q.

¢ Application:

-1.0

1.0
Figure: u: 812(0) — R,wherep = 6812(0) andf = 1. Figure: u: 812(0) — R,wherep = E)BWZ(O) andf = 1.




Examples: p-Dirichlet problem

¢ Dual problem: Maximize D: Wﬁ,,(div; Q) — RU {—oc}, forevery y € Wi(div; Q)
defined by

where I?_f} S LP'(Q) = R U {+0oc}, for every v € LP'(Q), is defined by

V)=

o {o V= _faeinQ,
{*f}(

+oo else.

¢ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z € WY, (div; Q) s.t.

1 / 1 :
—|z]P _Z.VLH_E\VU\”:O a.e.inQ,

(uy=D(z) & P’
l({.)_f}(divz)_divzu_fu=0 a.e.inQ.
z=|VuP?Vu  aeinQ,
<
divz = —f ae inQ.



Examples: Obstacle problem

¢ Classical formulation: Forf: Q — Rand x: Q — R, seeku: Q — Rs.t.

—Au>f a.e.inQ, f u
u>x a.e.inQ, 4
(f+Au)(x—u)=0 ae inQ,
Vu-n>0 a.e.onfly,
u=20 ae.onlp. ,/ | i | \|
¢ Application: (Deflection of membrane with obstacle) m

05
~10 10 10 10

-1.0

1.0
Figure: Load f: 512(0) — R. Figure: Obstacle x : 812(0) — R Figure: Membrane u: B%(O) —R.




Examples: Obstacle problem

4 Primal problem: Minimize I: W,%(Q) — RU{+ooc}, for every v € W}*(Q) defined by
(f € L2(Q))

I(v) :=%/Q\Vv\2dxf/nfvdx+l§(v),

where [?: L*(Q) — R U {+oc}, for every v € L%(Q), defined by

. 0 ifv>0ae.inQ
(V) = = ’
+V) {+oo else.

¢ Application: (Deflection of membrane with obstacle)

05

10 —L0
Figure: Membrane u: B%(O) — R.

05

10 10

Figure: Load f: B2(0) — R. Figure: Obstacle x: B2(0) — R.




Examples: Obstacle problem

¢ Dual problem: Maximize D: (L?(Q))? — R U {—oo}, for every y € (L?(2))? defined
by

D(y) = — % / ly|> dx — 1% (f + divy),
JQ
where 12 : (W)%(Q))* — R U {+0o0}, for every v* € (Wy*(Q))*, is defined by

S Tk : 1,2 *
27) = {o if v < 0in (WS%(Q)",
+oo else.
¢ Existence of a dual solution, strong duality, and convex optimality relations:
There exists a unique dual solution z € (L*(Q))? s.t.

1\z|zfz~Vu+1|Vu\2=0 ae. inQ,
I(uy=D(z) <« 2 2
12 (f + divz) — (f +divz, Uwl@) — 2(u)=0 a.e. inQ.

z=Vu a.e.inQ,
f+divz <0 in (WS%(Q))",
&
u>0 a.e.inQ,

(f +divz, U>W2,=2(Q) =0.
15. Aug. 2024 A priori and a posteriori error identities for convex minimization problems based on convex duality relations ~ Alex Kaltenbach 26 |



A posteriori error identity
on the basis of convex duality



Strong convexity measure

Definition: (strong convexity measure)

Let X be a Banach space and x € X minimal for F: X — RU {+oo} with F(x) < +o0.

Then, p2: X x X — [0, +oc] is called a strong convexity measure of F at x € X if

pE(y,x) < F(y) — F(x) forally € dom(F).

Interpretation: If F: X — R U {+o0} is twice

continuously Fréchet differentiable, then F
pr(y,x) < F(y) — F(x)
= F(x) — E&X) + (DF(X),y — X)x F(y)
=0 =0
1
+ [ (OPF(x+ (1= 9, (x -y ds oAl
0
1
= / (DZF(sx +(1=9)y),(x— y)2>xz ds. 0 FJ((X) |
Jo y
quantiﬂes strong Convexity Figure: Interpretation of strong convexity

measure in 1D.




Optimal strong convexity measure

Definition: (optimal strong convexity measure)

Let X be a Banach space and x € X minimal for F: X — RU {+oo} with F(x) < +o0.

Then, the optimal strong convexity measure of F atx € X pﬁ-ppt: X x X = [0,400] is
defined by

PF.opt(V,X) = F(y) — F(x) forally € dom(F).

Interpretation: If F: X — R U {+oo} is twice
continuously Fréchet differentiable, then F

propt (¥, X) = F(y) — F(x)
= F(x) — E&X) + (DF(X),y — X)x Fy)
—_——— N~

=0 =0

! 2 2 p%,opx()’wx)
+ / (DF(sx+(1=8)y), (x —y) )xa ds
JO

= /1 (DZF(str (1=19)y), (x *}/)2>Xz ds. 0 )
0 X y

quantiﬂes S‘trong Convexi‘ty Figure: Interpretation of optimal strong
convexity measure in 1D.




Examples




Examples: Poisson problem

¢ Primal problem: Minimize I: W}*(Q) — R, for every v € W}*(Q) defined by
v) =1/ |Vv|2dx—/fvdx. (f € L2(Q))
2 Q Q

¢ Optimal strong convexity measure: For every v € WZ,"Z(Q), it holds that

Propt(V, U) = [1/|VV|2dx7/fvdx] = [%/ |Vu\2dx—/fudx]
WJF/ Vu - (Vv —Vu)dx + 5 /\vaVu\ dx
5” 2
7% / V*U
B _W+/|VV—VU|2dx
p f 2 Q

— | f dx
Q

=1/\Vv—Vu\2dx.
2 Jq



Examples: Poisson problem

¢ Dual problem: Maximize D: W3(div; Q) — R U {—oo}, for every y € W3 (div; Q)
defined by

D) = — 5 [ I dx =y (divy). (f e L2(2))

¢ Optimal strong convexity measure: For every y € W3(div=—f; Q), it holds that

[2 / 22 dx + 2, (dive)

1 1 2
= — dX+/Z' —Z dX+*/ —z|"dx
;jﬂ/m/ va Jax+ [y
=Vu
L ax.
Q
. . 1 2
= divz — d x+7/ —z|dx
/Q(_ s

=%/Q ly —z[>dx.

Poav2) =3 [ ety




Examples: p-Dirichlet problem

¢ Primal problem: Minimize I: WP (Q) — R, for every v € W}”(Q) defined by

I(v) = %/Q|Vv|pdx—/ﬂfvdx. (f € LP'(Q))

¢ Optimal strong convexity measure: For every v € W;"" (€2), it holds that

Propt(V,U) = [ /|Vv|”dx /fvdx] [1/|Vu\pdx7/nfudx]
W+/Wui" 2vy. ) dx

/ / IAVV + (1= A)VulP~ zd)\>|Vv—Vu\ dx

= / / IAVV + (1 f/\)Vu\p_zd)\>|vaVu|2dX
Q 0

~ / IV(Vv) — V(Vu)|* dx, (natural distance)
Q

where V: RY — R? is defined by V(a) = |a|"Z a for all a € R".



Examples: p-Dirichlet problem

¢ Dual problem: Maximize D: W,’\’,/(div; Q) - RU{—o0}, foreveryy € W,’f,/(div; Q)
defined by

1 ’ . ’
D) =~ o [ P ax - clvy). (e L” (@)
Q
¢ Optimal strong convexity measure: For every y € W"/(div: —f;Q), it holds that

. 1 .
Poany2)= o [ WP ax+ B (@d)] - [ [ 2P ax+ @)

[ - )y —arox—J Lo
1
= [ (divz — di dx+/(/ A +1—/\z""2d)\) —z]*dx
Q(/W_, L Py +0-2 y—2|

~ / V*(y z)[?dx. (conjugate natural distance)

where V*: R? - RY is defined by V*(a) := |a|*Za for all a € R".




Examples: Obstacle problem

4 Primal problem: Minimize I: W,%(Q) — RU{+ooc}, for every v € W}*(Q) defined by
I(v) = %/ |Vv|? dx — / fvdx +I1%(v). (f € L2(Q))
Q Q

¢ Optimal strong convexity measure: For every v € WE;Z(Q; R>o), it holds that

Propt(V,U) = [1/ |Vv|2dx—/ fvdx + 19 ]— [1/ \Vu\zdx—/ fudx+ I( ]
2 Q Q 2 Q Q
A~ 0
W+/v (VV—Vu)dX—I—Z/\VV—Vu\ dx

/f(v—u)dx—1 dx
Q

=§/Q\VV—VU\ dx—<f+divz,v—u>W;,zm)

1 2 . .
= §/§2\va Vu|“dx — (f + divz, V>W;,2(Q) + (f + divz,u) 1;§
=0

1 2 . =
_E/Q\VV—VU\ dx—<f+d|vz,v>W;,z(Q).




Examples: Obstacle problem

¢ Dual problem: Maximize D: (L%(2))! — RU{—o0}, for every y € (L%(Q2))?
defined by

D(y) = — % / y[? dx — I (f + divy) . (f € L2(Q))

¢ Optimal strong convexity measure: For every y € W3(div<—f; Q), it holds that

p20.opt(¥: 2) [ /|y| dX+IQ(d|vy ] /|z\ dx + 12 (divz ]
7z ;—0
W+/ (y—2z)dx+ 5 /\y z|* dx

S dx
Q

2/|yfz| dx + (divz, u) W12 /dlvyudx

ffjgfudx

=1/|yfz|2dxf/(f+divy)udx.
2 Q Q




Primal-dual gap identity

Definition: (primal-dual total error & primal-dual gap estimator)

The primal-dual total error
p&:: dom(l) x dom(—D) — [0, +o0)
is defined by
Ptzot(VJ) = plz,opt(va U) + pz—D,opt(ya Z)

forall (v,y)" € dom(l) x dom(—D).

The primal-dual gap estimator
Ngap: dom(l) x dom(—D) — [0, +00)
is defined by

ngzaap(vay) = I(V) - D(y)

forall (v,y)" € dom(l) x dom(—D).

N2ap (Vs ¥)




Primal-dual gap identity

Theorem: (primal-dual gap identity)
If a strong duality relation applies, i.e.,

I(u)=D(2),

then for every (v,y)" € dom(/) x dom(—D), it holds that

Ptzot(v7}/) = ngap(VJ) o

Proof. For every (v,y)" € dom(/) x dom(-D),
we have that

ptzot(vv u) = pj, opt(v u) +p Dopt(y z) ’lgap , o2 v, u)
¥y [ 7,0ptLYs
= [I(v) — I(u)] + [D(z) — D(y) ! |
=I(v) — [D(2) — I(u)] — D(y) ‘ A o:2)
—— —— |
70 )

=1(v) = D(y)

.2
= ngap(vv}/) °
Figure: Primal-dual gap identity in 1D.




Primal-dual gap identity

Theorem: (integral representation of primal-dual gap estimator)

For every v € dom(/) and y € dom(—D) N W,’j’(div; Q), it holds that
Ton(v) = [ {6, 99) = Vvoy+ ")} ax
L / {o(-,v) —vdivy + 4" (-, divy)} dx.
Q

Proof
For every v € dom(/), we have that

)= [ o TV ax+ [ v(y)dx.
Q Q
For every y € dom(—D) N Wzl(div; Q), we have that
D)= — [ 6" (= [ w(divy)dx.
Q Q
For every v € W}P(Q) and y € WP (div; Q), we have that
0= / Vv-ydx + / vdivydx.
Q Q



Primal-dual gap identity

Theorem: (integral representation of primal-dual gap estimator)

For every v € dom(/) and y € dom(—D) N Wﬁ,’(div; Q), it holds that

an(V,) = /Q{qs(-,w) Wyt ¢ (oy)) dx

+/ {o(-,v) —vdivy + 4" (-, divy)} dx.
Q

Residual interpretation: By the Fenchel-Young inequality, for every v € dom(/)
andy € dom(—D) N W2 (div; Q), it holds that

o, VV) = Vv y+¢°(-,y)
P(-,v) —vdivy + " (-, divy)
In particular, for v e dom(/) and y € dom(—D) N WZ (div; Q), it holds that

>0 aeinQ,
>0 aeinQ.

o(,VV)=Vv-y+¢*(,y)=0 aeinQ,
. o : } I(v) =D(y)
P(-,v) —vdivy +¢7(-,divy) =0 a.e.inQ.
{ I(v) = I(u) ,
D(y) =D(2)



Examples




Examples: Poisson problem

¢ Primal-dual gap estimator: For every v € dom(/) and y € dom(—D), it holds that

1 1
Han(vy) = [ {19V = Vv -y + 3y} ax
Q

+/{M—

¢ e

= 1/le— ? dx
—_—

=0 & y=Vv aeinQ.

¢ Primal-dual total error: For every v € dom(/) and y € dom(—D), it holds that
patvn) =5 [ [9v=Vulax+ 3 [ y—zPax.
¢ Primal-dual gap identity: For every v € dom(/) and y € dom(—D), it holds that
1 _vulPaxs X [y zPax=2 / _
2/Q|Vv Vu| dx—s—z/ﬂ|y 2| dx_2 Q|Vv y|©dx,

i.e., the Prager—Synge—Mikhlin identity!



Examples: p-Dirichlet problem

¢ Primal-dual gap estimator: For every v € dom(/) and y € dom(—D), it holds that

he(vy) = [ {19 = 9vy+ S} o

A=A

= va"—Vv- 4 = "'}dx.
/Qp| | y p/\y\

=0 & y=|WP 32U aeinQ.

¢ Primal-dual total error: For every v € dom(/) and y € dom(—D), it holds that
patv) ~ [ V(o) = V()P ax+ [ V) - Vi@ ax.
¢ Primal-dual gap equivalence: For every v € dom(/) and y € dom(—D), it holds that
/|V(Vv V(Vu)[? dx+/ VA (y) — V7 (2) ] dx
1 ’
~ va”—Vv- + = ”}dx
[AZove - 9v-y+ 2w
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Examples: Obstacle problem

¢ Primal-dual gap estimator: For every v € dom(/) and y € dom(—D), it holds that

"1 1
vy = [ {19V = Vv ey + Sy} ax
Q

—/Q{fv—vdivy—l(s‘)o(f—s-d_w y)}dx
=0

=1/|Vv—y|2dx —/(f+divy)vdx .
2 Q Q

=0 <« (f+divy)v=0 ae.inQ.

¢ Primal-dual total error: For every v € dom(/) and y € dom(—D), it holds that

1 .
pa(viy) = 3 [ 9% = Vol ax— (F + divz. vy

+ 1/ ly —z|* dx — / (f +divy)udx.
2 Q Q
¢ Primal-dual gap identity: For every v € dom(/) and y € dom(—D), it holds that

2/le—Vu| dx — (f + divz,v)wl 2 2/|y—z| dx—/(f+d|vy)udx

7/|Vv—y\ dx—/(f+divy)vdx
2-S'Z Q



Major weakness: Practicability

¢ Major weakness: Which (v,y)" € dom(/) x (dom(—D) N Wf,'(div; Q))in

plz,opt(v7 U) + pz—D,opt(y7 Z) == ng;ap(V,}’) ?
¢ Related contributions:

— Equilibrated flux reconstruction:

A
e W. Prager, J. Synge, Approximations in elasticity based on Y=VYh + Vi, where
the concept of function space, Quart. Appl. Math., 1947. yhA - Z yA where yA solves
s
e R.Bank, A. Weiser, Some a posteriori error estimators for vEN, v v
elliptic partial differential equations, Math. Comp., 1985. N 1"
e D. Braess, J. Schéberl, Equilibrated residual error estimator divy, [t = — m(fv ©u)T forall T C w, ,
for edge elements, Math. Comp., 1993. A 1
‘nls= — X[Vuy-n forallS C w,
e M. Ainsworth, J. Oden, A posteriori error estimation in finite [D/" ]]S d [[V i ]]s =W
element analysis, Wiley, New York, 2000. [[yf -nj=0 ondw,,
— Averaging flux reconstruction:
y=Ap(Vup), where

e 0. Zienkiewicz, J. Zhu, A simple error estimator and
adaptive procedure for practical engineering analysis, Apg = Z guen, Where
Internat. J. Numer. Meth. Engrg., 1987.

e S. Bartels, C. Carstensen, Each averaging technique yields
reliable a posteriori error control in FEM on unstructured
grids. Part | & Part Il, Math. Comp., 2002.

vENp\Tp

g, = (ga"/)u)supp(wy)
(1, @2 )supp(1,)

¢ Discrete reconstruction formula: discrete analogue of z = D:¢(-, Vu), i.e.,

y = Zj = Di¢p(-, Vaus') + [correction terms] .



Thank you!
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